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If you don’t learn to think when you are young, you may never learn. 


By Thomas Edison, an American inventor. 
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Abstract: In this paper, we introduce the concept of fuzzy singleton to bigroup, and uses 
it to define (€ v q)- fuzzy bigroup and discuss its properties. We investigate whether or 
not the fuzzy point of a bigroup will belong to or quasi coincident with its fuzzy set if the 
constituent fuzzy points of the constituting subgroups both belong to or quasi coincident 
with their respective fuzzy sets, and vise versa. We also prove that a fuzzy bisubset ys is an 
(€ vq)-fuzzy subbigroup of the bigroup G if its constituent fuzzy subsets are (€ uq)-fuzzy 


subgroups of their respective subgroups among others. 


Key Words: Bigroups, fuzzy bigroups, fuzzy singleton on bigroup, (€ vq)- fuzzy sub- 
groups, (€ vq)- fuzzy bigroup 


AMS(2010): 03E72, 20D25 


§1. Introduction 


Fuzzy set was introduced by Zadeh[14] in 1965. Rosenfeld [9] introduced the notion of fuzzy 
subgroups in 1971. Ming and Ming [8] in 1980 gave a condition for fuzzy subset of a set to be a 
fuzzy point, and used the idea to introduce and characterize the notions of quasi coincidence of 
a fuzzy point with a fuzzy set. Bhakat and Das [2,3] used these notions by Ming and Ming to 
introduce and characterize another class of fuzzy subgroup known as (€ vuq)- fuzzy subgroups. 
This concept has been further developed by other researchers. Recent contributions in this 
direction include those of Yuan et al [12,13]. 

The notion of bigroup was first introduced by P.L.Maggu [5] in 1994. This idea was 
extended in 1997 by Vasantha and Meiyappan [10]. These authors gave modifications of some 
results earlier proved by Maggu. Among these results was the characterization theorems for 
sub-bigroup. Meiyappan [11] introduced and characterized fuzzy sub-bigroup of a bigroup in 
1998. 

In this paper, using these mentioned notions and with emphases on the elements that are 
both in G; and G2 of the bigroup G, we define the notion of (€, € vg) - fuzzy sub bigroups as 
an extension of the notion of (€, € vq)- fuzzy subgroups and discuss its properties. Apart from 
this section that introduces the work, section 2 presents the major preliminary results that are 
useful for the work. In section 3, we define a fuzzy singleton on a bigroup. Using this definition, 
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we investigate whether or not the fuzzy point of a bigroup will belong to or quasi coincident 
with its fuzzy set if the constituent fuzzy points of the constituting subgroups both belong to 
or quasi coincident with their respective fuzzy sets, and vise versa. Theorems 3.4 and 3.5 give 
the results of these findings. In the same section, we define (€ vq)- fuzzy subgroup and prove 
that a fuzzy bisubset pu is an (€ vq)- fuzzy sub bigroup of the bigroup G if its constituent fuzzy 
subsets are (€ vq)- fuzzy subgroups of their respective subgroups. 


§2. Preliminary Results 


Definition 2.1((10,11]) A set (G,+,-) with two binary operations” +” and” .-” is called a 
bi-group if there exist two proper subsets G, and Gz of G such that 
(i) G= Gy U Go; 


(ii) (G1, +) is a group; 
(iii) (Go, +) is a@ group. 


Definition 2.2([10]) A subset H(¢ 0) of a bi-group (G,+,-) is called a sub bi-group of G if H 
itself is a bi-group under the operations of” +” and” .-” defined on G. 


Theorem 2.3([10]) Let (G,+,-) be a bigroup. If the subset H # 0 of a bigroup G is a sub 
bigroup of G, then (H,+) and (H,-) are generally not groups. 


Definition 2.4([14]) Let G be a non empty set. A mapping uw: G — [0,1] is called a fuzzy 
subset of G. 


Definition 2.5([14]) Let yu be a fuzzy set in a set G. Then, the level subset pi, is defined as: 
In={x eG: p(x) > t} fort € [0,1]. 


Definition 2.6((9]) Let u be a fuzzy set in a group G. Then, pw is said to be a fuzzy subgroup 
of G, if the following hold: 

(i) p(y) 2 min{u(x),u(y)} Va,ye G; 

(ii) p(x) = p(x) Vr eG. 


Definition 2.7([9]) Let w be a fuzzy subgroup of G. Then, the level subset 4, fort € Imp is 
a subgroup of G and is called the level subgroup of G. 


Definition 2.8 ((8]) A fuzzy subset u of a group G of the form 


(#0) ify=za, 


(y) = 
ne 0 ifyA#u 


is said to be a fuzzy point with support x and value t and is denoted by xt. 


Definition 2.9([11]) Let pu be a fuzzy subset of a set X1 and pig be a fuzzy subset of a set Xo, 
then the fuzzy union of the sets 41 and pg is defined as a function uyU pg : X1yUX2 — [0,1] 
given by: 
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max(pt1 (2), [2 (2)) ifvE Xin Xo, 
(ua U f2)(@) = 4 pur (2) if we Xie Xs 
[o(x) if ce Xek&a ¢ Xy 


Definition 2.10((11]) Let G = (Gi UG2,+4,-) be a bigroup. Then uw: G— [0,1] is said to be a 
fuzzy sub-bigroup of the bigroup G if there exist two fuzzy subsets 1(ofG1) and p2(ofG2) such 
that: 

(i) (t1,+) is a fuzzy subgroup of (G1, +), 

(it) (u2,-) is a fuzzy subgroup of (G2,-), and 

(ti) w= py U pr. 


Definition 2.11((8]) A fuzzy point x, is said to belong to (resp. be quasi-coincident with) a 
fuzzy set pw , written as x, € ps (resp. a, q 1) if w(x) > t(resp. u(x) +t> 1). 
"a, € wor «4, q pw” will be denoted by x_ € vg pL). 


Definition 2.12([2,3]) <A fuzzy subset uw of G is said to be an (€ vq)- fuzzy subgroup of G if 
for everyxz,y €Gandt,r € (0,1): 

(i) te EM,Yr CU=> (TY) mir) © VG B 

(ii) a, Eu (a4), € vg yu. 


Theorem 2.13([3]) (i) A necessary and sufficient condition for a fuzzy subset of a group G 
to be an (€, € vq)-fuzzy subgroup of G is that (xy) > M(u(x), u(y), 0.5) for every x, y € G. 
(it). Let w be a fuzzy subgroup of G. Then uy, = {x € G: p(x) > t} is a fuzzy subgroup of G 
for every0 <t < 0.5. Conversely, if u is a fuzzy subset of G such that pz is a subgroup of G 
for every t € (0,0.5], then p is an fuzzy (€, € uq)-fuzzy subgroup of G. 


Definition 2.14([3]) Let X be anon empty set. The subset u,= {x € X : w(x) > th or {u(a)+ 
t>l={x € X:a, € vg pw} is called (€ vq)- level subset of X determined by ys and t. 


Theorem 2.15(([3]) A fuzzy subset u of G is a fuzzy subgroup of G if and only if pu: is a subgroup 
for all t € (0, 1]. 


§3. Main Results 


Definition 3.1 Let G = Gi UG2 be a bi-group. Let uw = pi U pe be a fuzzy bigroup. A fuzzy 
subset ps = ti U a of the form: 


M(t,s)40 ifw=yeG, 


(x) = 
7 0 ifuFy 


where t,s € [0,1] such that 


t#£0 if*=yeG, 


(x) = 
one 0 ifuxA#y 
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s#0 if~=yEeGo, 
0 ifaH#y 


is said to be a fuzzy point of the bi-group G with support x and value M(t, s) and is denoted by 


f2(z) = 


LM (t,s)- 


Theorem 3.2 Let xy(t,5) be a fuzzy point of the bigroup G = G1, UG. Then: 
(i) fmcts) = te OLE G{NG ort>s 

(ii) LM(t,s) —~Us ULE GING: ort <s 

Vt,s € [0,1], where a,, x, are fuzzy points of the groups G; and G2 respectively. 


Proof (i) Suppose ty(t,s) = t. Then M(t,s) =t>t >s.Andt > s>0<s<t. 
Hence, ifs =O then € GiNGS5. 
Conversely, suppose 
x EGinGs, thenz €G, andar ¢Go, 


which implies that x, = 0. Therefore xyy(4,5) = 4. Also, if t > 0, ty,s) = x. Hence the 
proof. 
(iz) Similar to that of (7). 


Definition 3.3 A fuzzy point xyq(4,5) of the bigroup G = G1 UGz, is said to belong to (resp. be 
quasi coincident with) a fuzzy subset 1 = 1 U pl of G, written as xuce,s) € ulresp. ©uct,s) QL] 
if u(x) > M(t, s)(resp. w(x) + M(t,s) > 1). tues) € Or Tuce,s) qu will be denoted by 
tm(t,s) € vqp. 


Theorem 3.4 Let G = G, UG» be a bigroup. Let 1 and p2 be fuzzy subsets of G, and G2 
respectively. Suppose that x, and x, are fuzzy points of the groups G, and G2 respectively such 
that x, € vgpiy and xs € vgpi2, then xyii,s) € vgu where xy(t,s) 18 a fuzzy point of the bigroup 
G, and uw: G = [0,1] is such that pw = py U pio. 


Proof Suppose that 


ry, © vg, and x5 © vgpe2, 


then we have that 
f(a) >t or wi(x) +t > 1, 


and 


fe(a@) > 8 or po(x)+s>1. 
M(x) > t and po(x) > s > Maal (x), we(x)| > M(t, s). 


This means that 
(11 U pe2)(x) > M(t, s) since x €E Gi N Go 


That is 
u(x) > M(t, s) (1) 
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Similarly, 
pi(a) +t >1 and po(a4)+s>1 


imply that 
pi(x) +t + po(a) +s >2 


=> 2Maz[p1(x), w2(x)| + 2M [E, s] > 2 


=> Maz[u (x), wa(x)| + ME, s] > 1 
=> (M1 U p2)(x) + M(t, 8) > 1 
=> p(x) + M(t,s) >1 (2) 


Combining (1) and (2), it follows that: 
u(x) > M(t,s) or p(x) + M(t,s)>1 


which shows that 


TM(t,s) © VG" 


hence the proof. 


Theorem 3.5 Let G=G,UG»2 be a bigroup. pp = 1 U pe a fuzzy subset of G, where p11, [2 
are fuzzy subsets of Gy and G2 respectively. Suppose that xy(z,5) 18 a fuzzy point of the bigroup 
G then Xyg(t,s) € vg does not imply that xz € vqui and xs € vgpi2, where x, and xs are fuzzy 
points of the groups G, and G2, respectively. 


Proof Suppose that ryy(¢,s) € vgu, then 
p(x) > M(t,s) or u(x) + M(t,s) > 1 
By definition 2.9, this implies that 
(H1 U f2)(@) = M(t, 8) or (u1 Upla)(@) + M(t,s) > 1 


=> Mazi (x), a(2)] = M(t, s) or Maalys (x), wa(@)] + M(t,s) > 1 


Now, suppose that t > s, so that M(t,s) =t, we then have that 
Maa|p1 (x), 2(x)] 2 t or (Maa|y1(), u2(x)] + t) > 1 


which means that 2, € vgMaa|p1, 2], and by extended implication, we have that 
ts € vgMaz|t1, p2]- 
If we assume that Maz|i1, v2] = 1, then we have that 


ry, © vg, and x5 © vgn, 


and since 0 < s <t <1, we now need to show that at least x, € vqpi2 
since by assumption, 1 > pg. To this end, let the fuzzy subset 2 and the fuzzy singleton x, 
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be defined in such a way that 2 < s < 0.5, then it becomes a straight forward matter to see 


that x,€ vqu2. Even though, ryy¢,5) € vqu still holds. And the result follows accordingly. 


Corollary 3.6 Let G=G, UG, be a bigroup. w = 1 U pe a fuzzy subset of G, where ty, [2 
are fuzzy subsets of G1 and G2 respectively. Suppose that xyy(1,5) is a fuzzy point of the bigroup 
G then xy(t,s) © vgu imply that x, € vgii and Ls € vata, if and only if 


0.5 < minft,s] < méini[yi(x), we(x)] < 1 
where x, and x, are fuzzy points of the groups G, and Gz respectively. 


Definition 3.7 A fuzzy bisubset p of a bigroup G is said to be an (€ v q)- fuzzy sub bigroup 
of G if for everyx, y € Gand ty, te, $1, 82, t, s, © [0,1], 

(1) @u(tit2) ©, YM(s1,52) EH > (7Y) Mets) © VOM 

(ii) fu(tyjt2) © => (@7") acter te) © VOM 

wheret = M(ti,t2) ands = M(sj, 82). 


Theorem 3.8 Let uw = piUpo: G=GiUG, — [0,1] be a fuzzy subset of G. Suppose that 
[11 is an (€ vq)-fuzzy subgroup of Gy and p2 is an (€ vq)-fuzzy subgroup of Go, then ps is an 
(€ uq)-fuzzy subgroup of G. 


Proof Suppose that jy, is an (€ vq)-fuzzy subgroup of G, and pe is an (€ vq)-fuzzy 
subgroup of Gg. Let z, y, € Gi, Go and ti, te, 51, s2 € [0,1] for which 


Ley Epa, Yor © Ma => (LY) M(tr,91) © VG 


and 


Ttp © M2, Yso © Ha => (TY) M(t,92) © VGH2- 


This implies that 


bai(zy) = M(t, 81) or pai(zy) + M(ti, 81) > 1, 


and 


bi2(xy) 2 M(ta, 82) or 2(vy) + M(t2, 82) > 1. 
=> jn(vy) + pe(ay) > M(t, 81) + M(te, 82) 
Mita Visas 2 MG MGS SS 
= 2Maz|p1 (ry), u2(xy)] = 2M{t, s] 
or 2Maa|ur(ry), w2(xy)| + 2M[t,s] > 2 
=> Maz|pi (ry), u2(xy)) = M[E, 5] 
or Moai): ala eis S 4 


=> 1 U po(xy) > Mt, s] or py U po(xy) + Mt, s] > 1 
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=> u(ry) > M{t,s] or w(ry) + MIt,s] > 1 


=> (ry) m(t,s) © VOM. 


To conclude the proof, we see that 


Le, © pi > (2 *)t, € vat, and x, € po => (x71), € vate 


And since it is a straightforward matter to see that 


then, the result follows accordingly. 


(x~*)e, € vgpa, and (x~*)t, € vgu2 => (@7*)a(tr,to) € Ud Ms 
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Abstract: Let G(V,E) be a graph. Let U C V(G) and X C E(G). For each vertex 
u € U, a new vertex u_ is taken and the resulting set of vertices is denoted by Vi(G). The 
Smarandachely splitting graph S” (G) of a graph G is defined as the graph having vertex set 
V(G)UVi(G) with two vertices adjacent if they correspond to adjacent vertices of G or one 
corresponds to a vertex u of Vi and the other to a vertex w of G where w is in Na(u). 
Particularly, if U = V(G), such a Smarandachely splitting graph SY ‘® (G) is abbreviated to 
Splitting graph of G and denoted by S(G). The open neighborhood N(e;) of an edge e; in 
E(G) is the set of edges adjacent to e;. For each edge e; € X, a new vertex e, is taken and 
the resulting set of vertices is denoted by Fi(G). The Smarandachely line splitting graph 
LX (G) of a graph G is defined as the graph having vertex set E(G) U E1(G) and two vertices 
are adjacent if they correspond to adjacent edges of G' or one corresponds to an element e, of 
E, and the other to an element e; of E(G) where e; is in N@(e;). Particularly, if X = E(G), 
such a Smarandachely line splitting graph Ee (G) is abbreviated to Line Splitting Graph 
of G and denoted by Ls(G). In this paper, we study the connectivity of line splitting graphs. 


Key Words: Line graph, Smarandachely splitting graph, splitting graph, Smarandachely 
line splitting graph, line splitting graph. 


AMS(2010): 05040 


§1. Introduction 


By a graph, we mean a finite, undirected graph without loops or multiple edges. Definitions 
not given here may be found in [2]. For a graph G, V(G) and E(G) denote its vertex set and 
edge set respectively. 

A vertex-cut in a graph G is a set S of vertices of G such that G\ S is disconnected. 
Similarly, an edge-cut in a graph G is a set X of edges of G such that G \ X is disconnected. 

The open neighborhood N(u) of a vertex u in V(G) is the set of vertices adjacent to u. 
N(u) = {v/uv € E(G)}. 

Let U C V(G) and X C E(G). For each vertex u € U, a new vertex u’ is taken and the 
resulting set of vertices is denoted by Vi(G). The Smarandachely splitting graph SY(G) of a 
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graph G is defined as the graph having vertex set V(G) J Vi(G) with two vertices adjacent if 
they correspond to adjacent vertices of G or one corresponds to a vertex u_ of V; and the other 
to a vertex w of G where w is in Nc(u). Particularly, if U = V(G), such a Smarandachely 
splitting graph SY(°)(G) is abbreviated to Splitting graph of G and denoted by S(G). The 
concept of Splitting Graph was introduced by Sampathkumar and Walikar in [4]. 

The open neighborhood N(e;) of an edge e; in E(G) is the set of edges adjacent to e;. 
N(e;) = {e;/ei, ej; are adjacent in E(G)}. 

For each edge e; € X, a new vertex e, is taken and the resulting set of vertices is denoted 
by E,(G). The Smarandachely line splitting graph L* (G) of a graph G is defined as the graph 
having vertex set E(G) (J E1(G) and two vertices are adjacent if they correspond to adjacent 
edges of G or one corresponds to an element e, of E, and the other to an element e; of E(G) 
where e; is in Ng(e;). Particularly, if X = E(G), such a Smarandachely line splitting graph 
LY‘ (G) is abbreviated to Line Splitting Graph of G and denoted by L(G). The concept of 
Line splitting graph was introduced by Kulli and Biradar in [3]. 

We first make the following observations. 


Observation 1. The graph G is an induced subgraph of $(G). The line graph L(G) is an 
induced subgraph of L(G). 


Observation 2. If G= L,(H) for some graph H, then G = S(L(H)). 
The following will be useful in the proof of our results. 


Theorem A((1]) Jf a graph G is m-edge connected, m > 2, then its line graph L(G) is m- 


connected. 


Theorem B((2]) A graph G is n-connected if and only if every pair of vertices are joined 
by at least n vertex disjoint paths. 


$2. Main Results 


Theorem 1 Let G be a (p,q) graph. Then L(G) is connected if and only if G is a connected 
graph with p > 3. 


Proof Let G be a connected graph with p > 3 vertices. Let V(L,(G)) = Vil V2 where 
< Vi >= L(G) and V4 is the set of all newly introduced vertices, such that v; — ve is a bijective 
map from V; onto V2 satisfying N(v2) = N(v1) (VM for all vy € Vi . Let a,b © V(L.(G)). We 
consider the following cases. 


Case 1. a,b € V;. Since G is a connected graph with p > 3 , L(G) is a nontrivial connected 
graph. Since L(G) is an induced subgraph of L,(G), there exists an a — b path in L,(G). 


Case 2. a€ Vi and be Vy. Let v € Vy be such that N(b) = N(v)(|Vi. Choose w € N(b). 
Since a and w € Vj, as in Case 1, a and w are joined by a path in L,(G). Hence a and 6 are 
connected by a path in L,(G). 


Case 3. a,b € Va. As in Case 2, there exist w; and we in Vi such that w; € N(a) and 
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wz € N(b) . Consequently, wia,wob € E(£,(G)). Also w, and w2 are joined by a path in 
L,(G). Hence a and 6 are connected by a path in L,(G). 
In all the cases, a and b are connected by a path in L,(G). Thus L,(G) is connected. 


Conversely, if G is disconnected or G = Ko, then obviously L,(G) is disconnected. 


Theorem 2 For any graph G, «(L.(G)) = min{2«(L(G)), 6.(G) — 2}. 


Proof By Whitney’s result, «(L,(G)) < A(L5(G)) < 6(£,(G)). Also, «(L(G)) < A(L(G)) < 
6(L(G)). Since L(G) is an induced subgraph of L.(G), «(Ls(G)) > «(L(G)). We have the fol- 
lowing cases. 


Case 1. If «(L(G)) = 0, then obviously «(L,(G)) = 0. 
Case 2. If «(Z(G)) = 1, then L(G) = Ko or it is connected with a cut-vertex e;. 
We consider the following subcases. 
Subcase 2.1. L(G) = Ko, then L,(G) = Py. Consequently, «(L5(G)) = 6(L£(G)) = 1. 


Subcase 2.2. L(G) is connected with a cut-vertex e;. Let e; be a pendant vertex of L(G) 
which is adjacent to e;. Then e; is a pendant vertex of L,(G) and e; is also a cut-vertex 
of L,(G). Hence «(£,(G)) = 6(L(G)). If 6(L(G)) > 2, then the removal of a cut-vertex e; 
of L(G) and its corresponding vertex e, from L,(G) results in a disconnected graph. Hence 
k(Ls(G)) = 2«(L(G)). 

Now suppose «(£(G)) =n. Then L(G) has a minimum vertex-cut {e; : 1 <1 <n} whose 
removal from L(G) results in a disconnected graph. There are two types of vertex-cuts in 
L,(G) depending on the structure of L(G). Among these, one vertex-cut contains exactly 2n 
vertices, e;’s and e;’s of L(G) whose removal increases the components of L,(G) and the other 
is 6(L(G))-vertex-cut. Thus we have 


? 


2n, if n< SE(G)) = 5a(G)—2, 
d(L(G)) = 6-(G) — 2, otherwise. 


K(L5(G)) 


I 


min{2«(L(G)), 6(L(G))} 
min{2«(L(G)), de(G) — 2}. 


I 


Theorem 3 For any graph G, (L5(G)) = min{3A(L(G)), 6.(G) — 2}. 


Proof Since 6(L5(G)) = 6(£(G)), by Whitney’s result «(Z5(G)) < A(Ls(G)) < 6(L£(G)). 
Since L(G) is an induced subgraph of L(G), A(Z5(G)) > A(L(G)). 
We consider the following cases. 


Case 1. If \(L(G)) = 0, then obviously \(L5(G)) = 0. 
Case 2. If \(L(G)) =1, then L(G) = Ko or it is connected with a bridge x = e;e;. 


We have the following subcases of this case. 
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Subcase 2.1. L(G) = Ko, then L,(G) = Py. Consequently, A(L5(G)) = 6(L£(G)) = 1. 


Subcase 2.2. L(G) is connected with a bridge e;e;. If e; is a pendant vertex, then L.(G) 
is connected with the some pendant vertex e,. There is only one edge incident with e, whose 
removal disconnects it. Thus \(L5(G)) = 6(£(G)) = 1. If neither e; nor e; is a pendant vertex 
and 46(L(G)) = 2, then 6(L,(G)) = 2 and let e, be a vertex of L.(G) with degr.(qyex = 2. In 
L(G), there are only two edges incident with e, and the removal of these disconnects L(G). 
So A(L.(G)) = 6(L(G)). If 5(L(G)) > 3, then the removal of edges e;e;,e,e; and ei; from 
L,(G) results in a disconnected graph. Hence \(L5(G)) = 3A(L(G)). 

Now suppose \(L(G)) =n. Then L(G) has a minimum edge-cut {e; = ww: 1 <1 <n} 
whose removal from L(G) results in a disconnected graph. As above, there are two types of 
edge-cuts in L(G) depending on the structure of L(G). Among these, one edge-cut contains 
exactly 3n edges {u, UY UY 1 <1 <n} whose removal increases the components of L(G) 
and the other is 6(L(G))—edge-cut. Thus we have 


; 5(L(G)) _ 5e(G)=2, 
3n, if n < ce aa eee 


6(L(G)) = 6-(G) — 2, otherwise. 


ALs(G)) = min{3r(L(G)), 6(L(G))} 
= min{3X(L(G)), 5.(G) — 2} 


Theorem 4 /f a graph G is n-edge connected, n > 2, then L(G) is n-connected. 


Proof Let G be a n-edge connected graph, n > 2. Then by Theorem A, L(G) is n- 
connected. We show that there exist n-disjoint paths between any two vertices of L.(G). Let 
x and y be two distinct vertices of L,(G). We consider the following cases. 


Case 1. Let z,y € E(G). Then by Theorem B, « and y are joined by n-disjoint paths in 
L(G). Since L(G) is an induced subgraph of L,(G), there exist n-disjoint paths between x and 
y in L(G). 


Case 2. Let x © E(G) and y € E,(G). Since X(G) < d(G) < 26(G) < 6-(G), there are 
at least n edges adjacent to x. Let 2;,i = 1,2,...,n be edges of G, adjacent to x. Then the 
vertices x,,i = 1,2,...,n are adjacent to the vertex x in L,(G), where x, € Fy (G),i = 1,2,...,n. 
It follows from Case 1, that there exist n-disjoint paths from x to 2;, 1 = 1,2,...,n in L,(G). 
Since y € E\(G), we have N(y) = N(w)(|F, for some w € E(G). Since |N(w)| > n, let 
Y1, Y2; ++) Yn © E(G) such that y; € N(w),i = 1,2,...,n. Soy; € N(y),i = 1,2,...,n. Also, since 
x and y; € E(G), i=1,2,....n, as in Case 1, there exist n-disjoint paths in L,(G) between x and 
yi,t = 1,2,...,n. Hence x and y are joined by n-disjoint paths in L,(G). 


Case 3. Let z,y € Ei(G). As in Case 2, 2; € N(x), = 1,2,...,n and y; € N(y),i =1,2,...,n 
for some 2;,y; € E(G),i = 1,2,...,n. Consequently, 1;2 and yy € E(L.(G)),2 = 1,2,...,n. 
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Also by Case 1, every pair of x; and y; are joined by n-disjoint paths in L,(G). Hence x and y 
are joined by n-disjoint paths in L,(G). 
Thus it follows from Theorem B that D,(G) is n-connected. 


However, the converse of the above Theorem is not true. For example, in Figure 1, L(G) 


is 2-connected, whereas G' is edge connected. 


Gy 


Figure 1 


Corollary 5 If a graph G is n-connected, n > 2, then L.(G) is n-connected. 


The converse of above corollary is not true. For instance, In Figure 2, D,(G2) is 2- 


connected, but Gz is connected. 


G2 
Figure 2 
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Abstract: We separate the differential operator A of the form Au(#) = —A®u(ax) + 
V (a) u(x) for alla € R”, in the Hilbert space H = Lz (R”, H1) with the operator potential 
V (x), where L(H;) is the space of all bounded operators on an arbitrary Hilbert space H,, 


and A= oP, x is the Laplace operator on R”. Moreover, we study the existence and 
uniqueness of the solution of the equation Au(«x) = —A®u(x) + V (x) u(x) = f(x), in the 


Hilbert space H, where f(x) € H. 
Key Words: Separation, Tricomi differential operator, Hilbert space. 


AMS(2010): 35K, 46K 


§1. Introduction 


The concept of separation for differential operators was first introduced by Everitt and Giertz 
(6, 7]. They have obtained the separation results for the Sturm Liouville differential operator 


Ay (x) =—y" (2) +V(a)y(a), eR, (1) 


in the space L2(R). They have studied the following question: What are the conditions 
on V (a) such that if y(~) € L2(R) and Ay(x) € L2(R) imply that both of y” (x) and 
V (a) y (a) € Lz (R)? More fundamental results of separation of differential operators were ob- 
tained by Everitt and Giertz [8,9]. A number of results concerning the property referred to 
the separation of differential operators was discussed by Biomatov [2], Otelbaev [16], Zettle 
[21] and Mohamed etal [10-15]. The separation for the differential operators with the matrix 
potential was first studied by Bergbaev [1]. Brown [3] has shown that certain properties of pos- 
itive solutions of disconjugate second order differential expressions imply the separation. Some 
separation criteria and inequalities associated with linear second order differential operators 
have been studied by many authors, see for examples [4,5,11,13,14,15,17,19]. 

Recently, Zayed [20] has studied the separation for the following biharmonic differential 
operator 


Au (x) = AAu(x)+V (a)u(a), «ee RR", (2) 
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in the Hilbert space H = Lz (R", H,) with the operator potential V (x) € C!(R”, L (H1)) where 
AAu (x) is the biharmonic differential operator, while Au (x) = )>;__, Fue) is the Laplace 
operator in R”. , 

The main objective of the present paper is to study the separation of the differential 


operator A of the form 
Au (xz) = —A®u(x) + V (2) u(z). (3) 


We construct the coercive estimate for the differential operator (3). The existence and unique- 
ness Theorem for the solution of the differential equation 


Au (x) = —A®u (x) + V (2) u (2) = f (2) (4) 


in the Hilbert space H = Ly (R”, Hj) is also given, where f (x) € H. 


§2. Some Notations 


In this section we introduce the definitions that will be used in the subsequent section. We con- 
sider the Hilbert space H, with the norm |].||,and the inner product space (u, v), .We introduce 
the Hilbert space H = Lo (R", H;) of all functions u(x), 2 € R” equipped with the norm 


Jul? = ff ltu(oyli ae. (5) 


The symbol (u,v) where u,v € H denotes the scalar product in H which is defined by 


Git 2 (uv); de, (6) 


Let W3 (R", H1) be the space of all functions u(x) , « € R which have generalized derivatives 
D°u(x), a < 2 such that u(x) and D°®u(x) belong to H. We say that the function u (x) 
for all a € R_ belongs to WZ ,,,(R”, M1) if for all functions Q(x) € Cg? (R") the functions 
Q (0) y (a) € WE tog (R", Hi). 


loc 


§3. Main Results 


Definition 3.1 The operator A of the form Au(x) = —A®u(x) + V (x) u(x), « € R” is said 
to be separated in the Hilbert space H if the following statement holds: 

Tfu(x) € HOW ,,.(R", M1) and Au (x) € H imply that both —A®u (x) and V (a) u(x) € 
A. 


Theorem 3.1 If the following inequalities are holds for alla € R”, 


ar eae 
oe val son val, (7 
-1 Ov Ou 
et EFS] <cotvel, (8) 


Separation for Triple-Harmonic Differential Operator in Hilbert Space 


—1 Ou 0?v 
Vy *- as] < 93 ||Vull, 
[ot a] s oottva 
where 01, 02 and o3 are positive constants satisfy 0, + 02 +03 < 2, Vo = ReV , 


coercive estimate 


[|Vuul] + [[A°ul] + <N|Vull, 


ym 
i a3 


is valid, where 


-1 
n 
N = 14 2 ft 3g (7 t 209 t soa) 
1 1 
me} n@ Per 
+[1- Fy (or + 201 + 30)| 1 - > (21 + 202 + 303) 5 
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(9) 


then the 


(10) 


is a constant independent on u(x) while 3 is given by $ (a1 + 202 + 303) < B< GESIEEECAe 


Then the operator A given by (3) is separated in the Hilbert space H. 


Proof From the definition of the inner product in the Hilbert space H, we can obtain 


(2 v) =-(u,2),i= 1,2,3,...,n for all u,v € CR (R”). 


(Au, Vu) = (-A®ut Vu, Vu) = (—Abu, Vu) + (Vu, Vu) 
Setting —A?u = Q, we have 


(Au,Vu) = (AQ, Vu) + (Vu, Vu) 


“~ PO 
= > Daz? ve) + (Vu, Vu) 


i=l t 


zi -»> (=. a + (Vu, Vu) 


“./AQ _ du OV 


a > (9, 2 vs) ip na (9, mushy) + (Vu, Vu) 


i= 


Ox? Ox; Ox; bee Ox; 


2 n 
naan Ou re) t (245 Py, OV o) + (Vu, Vu) 


Oru 2 Ou OV 
0, 5E) + Do (Qniee HV ea3e(a Tea) + UVa). 


(11) 
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Setting Au = W 


o°w you 


neve) Ox?’ ie 


“(a 


254 
=e a 
a(t 
ee 
> sae Dei’ Ox; On 


Sine vos 


Ow you 
Ox,’ 


Ox; ie OR: 


O dtu 
Oa. Dat 


Ox} 

2 OV Ou 

te (we Aa; Ox? 
ot 


e2 


Ox?’ Ox 


-45>( 


Let us rewrite (12) as follows: 


, we have 2 = —AW and hence (1 


za) ( 


eW du av 
Ox? ’ Ox; Ox; 


O7u 


I BV 5) oC 


OW O du OV 
Ox,’ Ox; be oon Ox; )) ee) 


a) + +e (Ge 
aW du &V 
-( on) 


0 Oue?V 
Ox, Ox? 


t) 
x) oy (Ww 
So (Fav ee) 


O2u OV Ou 
aa On OE 
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1) reduces to 


) 


OW OV 


Ox? Oe 
) + (Vu, Vu) 


Ow O wo 
Ox1;° O24 “Oa? 


OV 


OW d?udV 


fe) aes Bat Ox, 
)- (ana) 

Bp) 9 ("gn Gata) + VaVe 
Satta ge 
5 (wt) vv) 

at) 42 ( 


Ou 0?ud?V 
Oar’ a ot) ae 


) 


+ =) + (Vu, Vu) 


au ou OV 
Ox?” On; Ox? 


) 


n 
i=l 


)-82;( 


a 


(12) 


where 


Als — Al4 — GI + (Vi, Vn) , (13) 


(14) 


> (ae 


Is 
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02u 
One ue 


OtV us O2u O4V 
cr) i. 2 (a a) 


1 
OPu, OV ” Bu OV "/u du OV 
Besa) ex ) =~ 0; ("Seb Ser) ~ 2 Bat ae ot) 


Ou OW) gh (0 (dtu Ou, BV 

Oa’ Ox = te On; OT. 

Pu OV Se atte OV. “/ du Bu PV 

ae pat) + a Ga) +L gaat a) 

Pu OV ” O7u.y OV “/Pu du eV 

aa at) ~ Lo mi Oa? Sn) ta gah om oa) 

ui OV = “/PueBu av oe O?u Ou 027V 

One Oa = Ox? 0x3? Ox; Ox? Ox; Ox? 

Ou OV “./®u 6u dv eu Ou 0?V 

sat oat) 22 Sal ot ae $ (24 80), (15) 
“/®8u Bu dav “./®8u 0u av 

Tz “So aPaton) =~ RP ton)” (16) 


Bat 
2 pa oat ae PO 


3 Pu du eV >> Ou 0Pu O8V 
é On? ”-0x; 0x2 Ox; Ox?’ Ox? 


a (ou Pu ov 


“/ du Bu Vv Ou, OV 
PD eri g go ( =a) Sor ) 
Ss Pu Ou PV ; ” cay ov 
= Ox? Ox; Ox? a \ 0x: Ox?’ ? Oa; 
yh (/28u Ou dV) | eh (udu Ov 
= Ox?” Ox, Ox? ae dx? O23’ Ox; 
“/®Bu du PV “/®Bu 0?u dv 
=a ved aoe) 7 


“/Pu duevV OP Ut: OV 
ye Sat bad ba? On? a) rv ae Ox? —) 


i= 


i=1 


O7u du OV 
4 One Ox?” Ox; 


Ou 0?udV 


— 
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Substitute(14)-(17) into (13) , we get 


( 
” Pu os ” u OV 
: j=1 ; 


i) 


Equating the real parts of the two sides of (19), we get 


1 0%u y22 108 _10°V 
Re(Au,Vu) = (ui Oa8’ 4 Ta) + ev aaa Mo 7V- Vu 
1 


i= 


10°u _-10°U OV 
1257 Re (VT Vet a) 


Since for any complex number Z,we have 
—|Z| < ReZ < |Z\, 


then by the Cauchy- Schwarz inequality, we obtain 


Re (Au, Vu) < |(Au, Vu)| < || Au] ||Vell . 


With the help of (21) we have 


) 


63 
re) 
Ou d2udV "/8Bu du 6V 
$2 Pa 4/0 gu, 


Ox? 


—1 Ou 0°V 
+350 Re (WET Fa aan Vo ae ai Sar) Vu Yu), 


(Vu, Vu). 


Red (via N yoy vu) oS vers Ye av ve 
i=1 i a 
1 0°u 
> no [ov Fl va, 
yp ou Vv “Pull || ,,-4 Ou OV 
> 2 — 
ned (vir Ox Ox?’ Yo a) = 2% 5) 3 So Ax? Ox; 
“+ Bu 
> —no2 DV 5a |Vull, 
” LOOP 2 Ow Orv. gt OFui|| eect OW OV 
ned (VY aus’ ‘0 Ox; Ox? = 2% Ox3 dM 82; Ox? 
“2 Bu 
2 —nos|!) Vo 5,3|| Mull 


i=1 


It is easy to see that for any G > 0 and y1,y2 € R”, the inequality 


Blul? — lyel? 
eo PEW yates 
lyi| yal armas 38 


) 


(19) 


(20) 


(25) 
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is valid. Applying (25) to (22)-(24), we have 


103u 1 OV _ nBo 1 0Pu no 
rey (vie, Sed vu) a O aa 3g Wal’, 
t=1 i= t 
10°u _,-10°u OV nBoo I 10°u no: 
Rey (Vase Vo oon) 2 7 LY oa - og ull, 
i=1 i=1 
= 10°u _-4 Ou OPV nBo3 ||— 10°u ae 
Redo ( 0 8x3’ ° Aa; ma) 2 |. % ans g Vall, 


From (20),(21) and (26) - (28), we conclude that 


2 
n 
0 573 
i=1 On; 


f _ neo + 202 + 303 ) 


< ||Vul | Aull 


Choosing $(a1 + 202 + 303) < 8 < 2 (01 + 202 + 303), we obtain from (29) that 


af 
|Vul| < i — ri + 209 + soa) || Au , 


“8 


26 
From (3) and (30) we get 


-1 
| A?u| < ||Vul] + || Aull] < F Ae + 202 4 soa) || Aul| . 


Consequently, we deduce from (30)-(32) that 


3 3 Pu 
Veal] + | A%ul] + ]]S° Vo? Ss] SN Ulu 
w=1 2 
where 
-1 
n 
N = 1+2[1— 3 (0 +2004 300) 
ed, end 
2 ni 2 
+ [1-35 (or + 209 +305) [1 — 2 (or + 20 + 309) 5 


and this completes the proof. 


+ i ~ rie + 205 + 300) \|Vexl]? 


< E _ non + 209+ soa) te 1 = La + 209+ soa)| || Aul| : 
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(26) 


(27) 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 


Theorem 3.2 If the operator A given by (3) is separated in the Hilbert space H and if there 


are positive functions w(x) and t(x) € C'(R") satisfying 


(34) 
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[eos Fay? Yo? < 2/o2, (35) 
1 1 (6) 
thm 1 Fe)| < ava t2p7 Vu (36) 
ee i) 
bu )] < vafewt (37) 


where 0 < 01 +02 +03 < £, and 2 is defined in Theorem 1. Then the differential operator 
Au =—A%u+Vu =f, f € H , has a unique solution on the Hilbert space H. 


Proof First, we prove the differential equation 
Au = —A®u+ Vu =0, (38) 


as the only zero solution u(#) = 0 for all « € R”. To this end we assume that t(x) and w(z) 
are two positive functions belonging to C1(R”). 
On setting Q = —A?u, we get 


"/0Q . du "/0Q , dw "/0a Ot 
Sees) +e eae +(S. we), 


i=l i=1 


l| 


(39) 


Equating the real parts of both sides of (39), we have 


I 


ae 
2 an ot 
OQ Ot 
4 
~ > Re (= wb ney (40) 
By using Cauchy- Schwarz inequality, we obtain 


0 Ou a 100 ple 2? 2d Ou 


1 Ou 
2 


(Vou, tou) 


I 


1 1 oh@) 
< ae. Jace (41) 
OQ. Ow | 1 ~1 00 7 = _, OW -4 $ 
A #2, I 0 1-1 os 0 —i a 
< |e Sos : v E ey | vi (42) 
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1 1 1 1 be a 
Re (5 wo) = Re t2y 2 OO tut | -1 oY, | vu) 


Ox; Ox; Ox; ) a 
1,100 1-1] _, Ot .,-2 i 
= [ie Ba, tp? [ "Fg, 0 ] Vor ul > (43) 
From (25) in (41)- (43), we have 
fake) B ais J rahe) : 2 i 2 
Re( thse) <5 [ey Fai| taz le tual 4) 
Bla 1 OQ]? 2 | 1 psi | 
—)<=|lt = t ' 4 
= we) <5 eee Teo ON oo 
on B 1 1 00 7 2 1,2 |/? 
<EWezy-? = 03 |[t2h~ 2 Ve" 4 
Ba," wor) <f ME al Se geese 0% cae 
From (39) and (44)-(46) we have the following inequality: 
2 4 |? 38S ae) 
f = F(a peas +os)| | ty FV ul < rol ty? ae 
36 | . ee Ow || 
< = 47 
S35 m4), a (47) 
Choosing ¢)(x) = 1, for alla € R” , then if 0< (1 +02 +03) <1, we have 
2 1 1/2 
0< 1 - Toi +02 +02) tu Fvea <0, (48) 
and consequently, we have 
2n Tae L 2 
0< bag ait ak as) | bw 1ViFul| de <0. (49) 
R” 


The inequality (49) holds only for u(a) = 0. This proves that u(x) = 0 is the only solution 
of Eq.(38). 

Second, We know that the linear manifold M = {f : Au = f,u € C§°(R")} is dense 
everywhere in H, so there exist a sequence of functions {u;} € C§°(R"), such that for all 
f € H,||Au, — f|| — 0, as r — oo. 

By applying the coercive estimate (33), we find that 


O" (Up — Ur) 
||V (up — ur) | + A? (up — ue)|] + vi < N||A(up — ur) |], (50) 
that ||V(u, — wo)]| , (uy — w1)|| and pe { yb acco ] are convergent to zero, as r —> 
oo. This implies that u, —> V~two = u, A?u, —> A®u and Soy V2 Sue a ao pene Vi 4 


as r —> oo. Hence for any f € H_ there exist ue HN W3 


,loc 


(R” H,), ‘such that Au = f. 
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Suppose that @ is another solution of the equation Au = f , then A(u — 7) = 0. But Au = 0 


has only zero solution, then u = @ and the uniqueness is proved. Hence the proof of theorem 


3.2 is completed. 
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Abstract: We will classify the differentiable graph representing the solution of differential 
equation. Present new types of graphs. Theorems govern these types are introduced. Finally 


the effect of step size h on the differentiable graph is discussed. 
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§1. Definitions and Background 


Definition 1({2]) A graph G is a triple consisting of a verter set V(G), an edge set E(G), 
and a relation that associates with each edge two vertices (not necessarily distinct) called its 


endpoints 


Definition 2([1,2,4,7,8]) A loop is an edge whose endpoints are equal. Multiple edges are edges 


have the same pair of endpoints. 


Definition 3((2,6]) A simple graph is a graph having no loops or multiple edges . We specify 
a simple graph by its vertex set and edge set, treating the edge set as a set of unordered pairs 


of vertices and writing e = uv (or e = vu) for an edge e with end points u and v. 


Definition 4((2]) A directed graph or digraph G is a triple consisting of a verter set V(G), an 
edge set E(G) , and a function assigning each edge an ordered pair of vertices. the first vertex 
of the ordered pair is the tail of the edge, and the second is the head; together, they are the 


endpoints. We say that an edge is an edge from its tail to its head. 


Definition 5((2]) A digraph is simple if each ordered pair is the head and tail of at most one 
edge. In a simple digraph, we write uv for an edge with tail u and head v. If there is an edge 
from u to v, then v is a successor of u, and u is a predecessor of v. We write u — v for ”there 


is an edge from u tov”. 
Definition 6([7,8]) A null graph is a graph containing no edges. 


Definition 7((2]) The order of a graph G, written n(G), is the number of vertices in G. An 
n-vertex graph is a graph of order n. The size of a graph G, written e(G), is the number of 
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edges in G forn EN. 


Definition 8 Let f (x,y) be areal valued function of two variable defined fora <x < b and 
all real y, then 


y= f (@y), cES=[0,7|CR (1) 


(1.1) 
y(x0) = Yo (2) 


is called initial value problem (I.V.P.), where (1) is called ordinary differential equation (O.D.E) 
of the first order and equation (2) is called the initial value. 


Definition 9([3,6]) For the problem (1.1) where the function f (x,y) is continuous on the region 
(0<a<T,ly| < R) and differentiable with respect to x such that Fa < L, L = const.Divide 
the segment [0,T] into n equal parts by the points x; = th,h = ft is called a step size, (i = 0,n) 
such that x9 = 0 < a <1... < n_1 < Gyn = T the approximate numerical solutions for this 


problem at the mesh points x = x; will be denoted by y;. 


Definition 10([3]) Numerical answers to problems generally contain errors. Truncation error 


occurs as a result of truncating an infinite process to get a finite process. 


Definition 11 For Riemannian manifolds M and N (not necessarily of the same dimension), 
a map f:M — N is said to be a topological folding of M into N if, for each piecewise geodesic 
path y : I > M(I = [0,1] C R), the induced path foy:I — N is piecewise geodesic. If, 
in addition, f : M — N preserves lengths of paths, we call f an isometric folding of M into 
N. Thus an isometric folding is necessarily a topological folding [9]. Some applications are 


introduced in [5]. 


§2. Main Results 


We will introduce several types of approximate differentiable graph which represent the solution 
of initial value problems I.V.P. 


y! = f(z, y); 
y(Zo0) = yo- (2.1) 


According to the used methods for solving these problems. 


Definition 12 We can study the solution of ordinary differential equation y’ = f (x,y) using 
differentiable graph which is a smooth graph with vertex set {(x,y(x)) : x,y € R} and edge 
set d( (xi, y(xi)), (Gi41, y(Vi41))) where d represent the distance function. A differentiable graph 
is a smooth graph represent the solution of ordinary differential equation y' = f (a,y),c ES 
whose vertices are (x,y(x)),Vx € S and its edges are the distance between any two consequent 


points. In this graph the number of vertices is co,the number of edges is so. 


Since the finite difference methods which solve (I.V.P.) divided into the following: 
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(i) general multi-step methods (implicit-explicit). 


(ii) general single-step methods (implicit-explicit). 
So we have the following new types of differentiable graph: 


Type [1]: Single-Compound digraph Hy, 


Definition 13 A numerical digraph Gy is a simple differentiable digraph consists of numerical 
vertices Ve which represent the numerical solutions y; of (I.V.P.), and ordered numerical edge 


set En = {eh e%,...,em} where ext? = |(aj41, yj41) — (ay, y;)| = |vit* — ug], u,2 is the tail 


of the edge, and vot is the head. 


Definition 14 A compound graph (digraph) H is a graph (digraph) whose vertex set consists 
of a set of graphs (digraphs) t.e. V(G) = {Gi, Go, ...} and an edge set of unordered (ordered ) 
pairs of this graphs i.e. E(G) = {(Gi, G2), (Go, G3),--- }. 


Corollary 1 The compound digraph H of a numerical digraph is numerical digraph Hy. 


Definition 15 A single-compound digraph Hn, is a compound digraph Hy has one null graph 
is the tail of digraph. 


Theorem 1 The single-step methods (implicit) due to a single-compound digraph Hy, . 


Proof The basis of many simple numerical technique for solving the differential equation 


y' = f(z,y), y(to) =yo,a<e<b (2.2) 


is to find some means of expressing the solution at « +h i.e., y(a +h) in terms of y(a).where 
(x, y(a)) represent a vertex in the differentiable graph, (a +h, y(«+h)) is the next vertex, the 
initial value (9, yo) is called the source of graph. An approximate solution can be generated 
at the discrete points zp + h, xp + 2h,...representing the vertices of the induced differentiable 
graph. 


All these methods where y»4+1 is given in terms of y,, alone, n = 0,1, 2,..., are called single 
step methods. The general linear single step method is given by 


Ynt1 + Q1Yn = hl Bof (@n41,Ynti1) + Bif (Xn; Yn)| where a1, 39, 31 are constants. If Go = 0 
then the method gives y,,+41 explicitly otherwise it is given implicitly. The trapezium method 
Ynt1 = Yn +4lf (Un41,Yn41) +f (nr, Yn)] is implicit. In general this equation would be solved 
by using the iteration method i.e., 


r+1 h r 0 
{Yn+i} 14 = Yn + Sif (fied) + f (tn, {yn} )] r= 0,1, 2,..., where {yn+1} can 
be obtained from a single -step method and represents a source of numerical digraph Gy + in 
the vertex V,41 of compound graph Hy. Finally we get A single-compound digraph Hy,. As 


shown in Figure 1. 
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Figure 1. Single Compound Graph Hy, 


Definition 16 A single-compound digraph Hn, is a Compound numerical digraph has a unique 
null graph which is the source of graph. 


Type [2]: A simple numerical digraph Gy 


Definition 17 A numerical digraph Gy is a simple differentiable digraph consists of numerical 
vertices ve which represent the numerical solutions y; of (I.V.P.) and ordered numericaledge 
set En = {ey,€y,--€y} where ey = |(@541, 4541) — (@j,y5)| = nN j 


Uy —v 
of the edge, and vt is the head. 


ug is the tail 


Theorem 2 The explicit single-step method get a simple numerical digraph Gn. 


Proof The general single step given by 


Yn+1 = Yn + hd(an, Yn, h),&n = Lo + Nh, y(®o) = Yo- 
For example, Euler’s method has ¢(x, y,h) = f(a, y),then 


Ynt1 = Yn thf(en, Yn), and for differential equation (2.1) give the following 
differentiable digraph (Figure 2) 


Yo 


XO Ty x2 x3 v4 


Figure 2: Simple numerical graph 
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where (2n, Yn) represent the set of vertices {uj} ,j = 0,1,...,and |(xj41, yy41) — (27, y;)| rep- 


resent the set of edges {eft 4 .The initial value yo represent the source of simple numerical 


digraph Gy. 


Type [3]: Multi-Compound Digraph Hy,, 


Definition 18 A multi-compound digraph Hn,, is a compound digraph Hn has m null graphs 
are the tail of digraph. 


Theorem 3 The implicit multi-step method give a multi-compound digraph Hw,,. 


Proof The general multi-step method is defined to be 


Ynt1 FQ1ynt-.-FAmYn—-m+1 = h[Bofn+1t+G1fnt--+Bmfr—m-+1), (2.3) 


where f, is used to denote f(t», yp),n = m—1,m-—2,.... To apply this general method we 


need m steps which represent m null graphs G'y,, Gy,,..., Gv in a multi-compound digraph 


m—-1 


Hy, as indicate in the following example. If 8) = 0 then the method (2.3) gives yn+41 explicitly 


otherwise it is given implicitly, when m = 1 equation (2.3) reduce to the single step method. 
Example 1 Find the differentiable graph of y’ = y?, y(0) = 1 using a 3-step method. 


Solution 1. by using 
Ynt1—Yn = h[9fn4itl9fn—5fn—1t+fn—2]/24, h = 0.1, (2.4) 


then n = 2,3, SE {yg}? t* — Y= 0.1[9 {f3}" + 19 fo = oft + fol /24,r = 0,1, 2, «+, SO the 
iterative vertex (x3, {y3}"~') depend on the vertex (x3, {y3}°) which can be determined from 
an explicit 3-srep method say 


Ynt1 — Yn = h[23fn—16fn—1+ 5 fn—2]l12, (2.5) 


at n = 2 > y3 — yo = h[23f (xe, yo) — 16f(21, y1) + 5f (xo, yo)|l12, where Vo = (x0, yo),MVi = 
(%1,y1), V2 = (#2,y2) represent three null graphs Gy,,Gy,,Gyn, in the induced compound 
digraph by predictor method (2.5) we get the vertex vy, = (x3, {y3}°)which is the tail of the 
digraph Gy, in the compound digraph Hy,then correct {y3}°using equation (2.4) until we get 
the fixed vertex Wary This gives a numerical digraph Gy, = V3 and similarly we get the other 
vertices (simple digraphs) V4 = Gw,,...,. Vi = Gu,,l is a + ve integer. Finally we get bounded 
compound digraph Hy, as shown in Figure 3. 
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0 da af 


Figure 3: Multi-compound digraph 
Definition 19 A fixed vertex Vi is a numerical vertex which all next vertices coincided on it. 
Corollary 2. The multi-compound digraph Hy, must have null graphs. 
Type [4]: Nonhomogeneous Numerical Digraph G'y,, 


Definition 20 A nonhomogeneous graph G is a graph whose vertices divided into multi-groups 


such that each one has a specific character. 


Definition 21 A nonhomogeneous numerical digraph G,, is a numerical digraph whose ver- 


tices divided into multi-groups such that each one has a specific character. 
Theorem 4 The explicit multi -step method give nonhomogeneous numerical digraph Gw,,. 


Proof The general explicit multi-step method 


Ynt1 + O1Yn +. FAmYn—m4i = hl Gi fn + Bofn—1 +--+ Bmfn—m+i], 1.e., to determine the 
vertex (@n+41, Yn+1) we need know m vertices begin from (20, yo) up to (an, Yn). 


for example: The difference method 


Ynt1—Yn = h[23fn—16fn—1+5fn—2]/12, n = 2, 3, ..., is 3-step method, the group of vertices 
(x3, ys), (4, y4), ---, are given by this multi-step method whenever the group (Zo, yo), (1, Y1), (2, y2) 


are gotten from single-step method .See Figure 3. 
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Ya 


x X x, x, 


Figure 4: Nonhomogenous Numerical Digraph Gy,, 


There is an important role to the step size h in the all types of numerical digraphs. 


Definition 22 The initial tight graph (digraph) T is a package of graphs (digraph) which have 


one SOUTCE. 


Figure 5: Initial Tight Digraph T 


Theorem 5 As the order of numerical digraph in bounded interval — co the consistent digraph 
is obtained. 


Proof Since the local error of the approximate solution of (I.V.P.)(1.1) depends on the 
step size h s.t. sup|E(h,x)| < Mh*,where M,k is a positive integers [4], for all sufficiently 
small h, the order of bounded numerical digraph— oo, and then the difference method is said 


to be consistent of order k. 
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Theorem 6 The limit of foldings Fy of initial tight graph give a convergent numerical graph. 


Proof Let F; : T — T be a folding map of an initial tight graph T s.t., F,(G4) = GY; 


where order of (G4) < order of (Gt), then jim F, = The highest order numerical digraph, 


which is required. As shown in Figure 6. 


Figure 6: Limit of Foldings F; 
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Abstract: The notion of equitable coloring was introduced by Meyer in 1973. In this 
paper we obtain interesting results regarding the equitable chromatic number y= for the 
Helm Graph Hn, line graph of Helm graph L(H,,), middle graph of Helm graph M(Hn), 
total graph of Helm graph T(H»), Gear graph Gn, line graph of Gear graph L(G,,), middle 
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§1. Introduction 


Let G = (V, E) be a graph. If the vertices of G can be partitioned into m classes Vj, Va, ...., Vin 
such that each V;, (1 < i < m) are independent and ||V;| — |V;|| < 1 holds for every pair 
(1 < i,j < k), where k < m, then the graph G is said to be Smarandachely equitable k- 
colorable. Particularly, if k = m, we abbreviated it to equitably k-colorable. The smallest 
integer k for which G is Smarandachely equitable k-colorable or equitable k-colorable is known 
as the Smarandachely equitable chromatic number or equitable chromatic number [1,3,7-10] of 
G and denoted by x=(G), respectively. 

This model of graph coloring has many applications. Every time when we have to divide a 
system with binary conflicting relations into equal or almost equal conflict-free subsystems we 
can model such situation by means of equitable graph coloring. This subject is widely discussed 
in literature [3,8-10]. In general, the problem of optimal equitable coloring, in the sense of the 
number color used, is NP-hard. So we have to look for simplified structure of graphs allowing 
polynomial-time algorithms. This paper gives such solution for Helm graph and Gear graph 
families: Helm graph, its line, middle and total graphs; Gear graph, its line, middle and total 
graphs. 
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§2. Preliminaries 


The Helm graph HA, is the graph obtained from an n-wheel graph by adjoining a pendent edge 
at each node of the cycle. 

The Gear graph G,, also known as a bipartite wheel graph, is a wheel graph with a graph 
vertex added between each pair of adjacent graph vertices of the outer cycle. 

The line graph [2,5] of G, denoted by L(G) is the graph with vertices are the edges of G 
with two vertices of L(G) adjacent whenever the corresponding edges of G are adjacent. 

The middle graph [4] of G, is defined with the vertex set V(G) U E(G) where two vertices 
are adjacent iff they are either adjacent edges of G or one is the vertex and the other is an edge 
incident with it and it is denoted by M(G). 

Let G be a graph with vertex set V(G) and edge set E(G). The total graph [2,4,5] of G, 
denoted by T(G) is defined in the following way. The vertex set of T(G) is V(G) U E(G). Two 
vertices x,y in the vertex set of T(G) are adjacent in T(G) in case one of the following holds: 
(i) zy are in V(G) and z is adjacent to y in G. (ii) x,y are in E(G) and z,y are adjacent in G. 
(iii) x is in V(G), y is in E(G), and z, y are incident in G. Additional graph theory terminology 
used in this paper can be found in [2,5,9]. 


§3. Equitable Coloring on Helm Graph 
Theorem 3.1 [fn > 4 the equitable chromatic number of Helm graph Hp, 


3. if nis even, 


4 if nis odd. 


x=(An) = 


Proof Let Hy be the Helm graph obtained by attaching a pendant edge at each vertex of 
the cycle. Let V(H,,) = {v} U {u1, v2,-++ ,Un}U {u1, U2,--: ,Un} where v;’s are the vertices of 
cycles taken in cyclic order and u;’s are pendant vertices such that each v;u; is a pendant edge 
and v is a hub of the cycle. 


Case i: If n is even. 


Case i-a: If n = 6k — 2 for some positive integer k, then set the partition of V as below. 

Vi = {uv} U {u; : 2k +1 <i < 6h — 2}; Vo = {ug7-1:1 <1 < 3k—-1}U {ug 21 <i < ky}; 
V3 = {va :1 <i < 3k—1}U {ug_-1:1<i< k}. Clearly Vi, V2, V3 are independent sets of 
V(A,). Also |Vi| = |V2| = |V3| = 44 — 1, it holds the inequality ||Vi| — |V;|| < 1 for every pair 
(i, 9). 


Case i-b: If n= 6k for some positive integer k, then set the partition of V as below. 

Vi = {uv} U {uy : 2k +2 <4 < 6K}; Vo = {vq-1: 1 <i < 3k} U {ug : 1 <i < ky}; 
V3 = {va 21 <i < 3k} U {ug_1:1<i<k+1}. Clearly Vi, V2, V3 are independent sets of 
V(H,). Also |Vi| = |V2| = 4k and |V3| = 4k + 1, it holds the inequality ||V;| — |V;|| < 1 for 
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every pair (7,7). 


Case i-c: If n = 6k +2 for some positive integer k, then set the partition of V as below. 

Vi = {uv} U {uj : 2k4+3 <i < 6h4+2}; Vo = {vji_-1:1<i< 3k4+1}U {ug:1<i<k+1}; 
V3 = {vq,: 1 <i < 3k 4+1}3U {ugj_-1:1<i<k+1}. Clearly Vi, Vo, V3 are independent sets 
of V(H,,). |Vil| = 4k + 1 and |V2| = |V3| = 4k + 2, it holds the inequality ||V;| — |V;|| < 1 for 
every pair (7,7). 

In all the three subcases of Case i, y=(Hn) < 3. Since y(H,) > 3, x=(Hn) > x(An) => 3, 
x=(H,,) > 3. Therefore y=(H,,) = 3. 


Case ii: If 7 is odd. 


Case ii-a: If n = 6k — 3 for some positive integer k, then set the partition of V as below. 

Vi = {vu} U {u; : 8k +1 <i < 5k—1}; Vo = {ug;-2: 1 <i < 2k-1}U {ug : 1 <i < ky}; 
V3 = {uvy-1:1<i< 2k—-—1}U {ugi-2: 1 <i < kh}; Va = {u3,: 1 <i < 2k -—1}U {ugi-1 : 
1<i< k}. Clearly Vi, V2, V3 are independent sets of V(H,,). Also |Vi| = 3k — 2 and 
|V2| = |V3| = |Va4| = 3k — 1, it holds the inequality ||V;| — |V;|| < 1 for every pair (i, 7). 


Case ii-b: If n = 6k — 1 for some positive integer k, then set the partition of V as below. 

Vi = {uv} U {uz : 3k +2 <i < 6h—-1}; Vo = {ug,-2 21 <2 < 2k} U {ug;-1:1<71< 2k-1}; 
V3 = {ugi-1: 1 <i < 2k} U {ug,: 1 <i < 2k —1}; Va = {u3, 2 1 <i < 2k -—1}U {ug_2 : 
1 <i < 2k}. Clearly Vi, V2, V3 are independent sets of V(H,,). Also |Vi| = 4k — 2 and 
|V2| = |V3| = |Va| = 4k — 1, it holds the inequality ||V;| — |V;|| < 1 for every pair (i, 7). 


Case ii-c: If n= 6k-+1 for some positive integer k, then set the partition of V as below. 

Vi = {vu} U {ui : 3k +2 <1 < 6Kh+1}5Ve = {ugi-2 : 1 <i < 2k} U {ugi_-1 : 1 <i < 2k-1}; 
V3 = {u3;-1:1<i< 2k}Uf{un}Uf{ug; : 1 <i < 2k—-1}; Vy = {03,5 : 1 <i < 2k} Uf{us }Uf{usiqi : 
1<i<2k—-1}. Clearly Vi, V2, V3 are independent sets of V(H;,). |Vil = |V3| = |Va| = 4 and 
|V2| = 4k — 1, it holds the inequality ||V;| — |V;|| < 1 for every pair (i, 7). 

In all the three subcases of cases (ii), y=(H,) < 4. Since x(H,) > 4, x=(AHn) > x(An) = 4, 
x=(H,,) > 4. Therefore y=(H,,) = 4. 


§4. Equitable Coloring on Line graph, Middle Graph and Total Graph of 
Helm Graph 


Theorem 4.1 If n> 4 the equitable chromatic number on line graph of Helm graph L(H,,), 
x=(L(Hn)) =n. 


Proof Let V(Ay) = {v} U {u1, v2,+++ Un} U {u1, U2,+++ , Un} and E(A,) ={e,:1<i< 
n}Uf{el :1<i<n—1}ufel }U{s;:1<i<n} where e; is the edge vu; (1 <i < n), e} is the edge 
uvigi (1 <i<n-1), ef, is the edge vpv and s; is the edge ju; (1 <i <n). By the definition 
of line graph V(L(H,,)) = E(H,) = {er:1<ic<n}uf{eh: 1 <i<nbuf{s:l1<i<n}. 
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Now, we partition the vertex set of V(L(H,,)) as below. 
Vi = {e1,€9,8n}; Vi = fei, €j41,8-1 2 2 St < n—1}; V = {ene}, 5n—-1}. Clearly 
Vi,Vi,Vn (2 < i < n—1) are independent sets of L(H;,). Also |Vi| |Vi Vin | 3 
(2<i<n-—1), it holds the inequality ||V;| —|V;|| < 1 for every pair (7,7). x=(L(Hn)) <n. 
Since e;(1 < i < n) forms a clique of order n, x(L(Hn)) > n, x=(L(An)) > x(L(Hn)) > 1, 
x=(L(H,)) > n. Therefore x=(L(Hp,)) =n. 


Theorem 4.2 [fn > 5 the equitable chromatic number on middle graph of Helm graph M(H,,), 
y=(M(A,)) =n+1. 


Proof Let V(Ay) = {v} U {u1, v2,+++ Un} U {u1, U2,+++ Un} and E(A,) ={e.:1<i< 
n}Ufe:1<i<n-1U {el }Uf{s,:1<%i< n} where e; is the edge vu; (1 <i <n), ef is 
the edge vjvji41 (1 <i < n—1), ef, is the edge v,v; and s; is the edge vju; (1 <i <n). By 
the definition of middle graph V(M(H,)) = V(A,) U E(A,) = {ui : 1 <i<n}u{uj:l<i< 
n}Ufeg:l1<ic<nbuf{ei:l<i<nbUu{s:1<i<n}. 

Now, we partition the vertex set of V(M(H,,)) as below. 

Vi = {€1, €2, U1, Sn}5 Vi = {Us-1, Us, Ci, 4 22S tS n—TU{sy2:3<i<n+1}, YUH 
{Un—1, 8n—2; Cn; C1, $3 Vn = {¥, Un; Sn—1, Un}. Clearly Vi, V2,---Vn, Va4i are independent sets 
of M(H,,). Also |Vi| = |V2| = |Vr| = |Vneil = 4 and |Vi| = 5 (8 < i < n—-1), it holds the 
inequality ||V;|—|V;|| < 1 for every pair (7,7). x=(M(An)) < n+1. Since ve;(1 <i < n) forms a 
clique of order n+1, x(M(A;,)) > n+1, x=(M(An)) > x(M(An)) > n+1, y=(M(A,)) > n+1. 
Therefore y=(M(H,)) =n +1. 


Theorem 4.3 Ifn > 5 the equitable chromatic number on total graph of Helm graph T(H,), 
x=(T(Hn)) =n+ 1. 


the edge vjviz1 (1 <i < n—1), ef, is the edge v,v1 and s; is the edge vju; (1 <i <n). By 
the definition of total graph V(T(A,)) = V(An) U E(An) = {uy : 1 <i<n}u{u:1l<i< 
n}Ufe:l<i<nbuf{ei:l<i<nbu{s:1<i<n}. 

Now, we partition the vertex set of V(T'(H;,)) as below. 

Vi = {€1,€),Ua,Un}; Ve = {e2,v2,€3, $n, ual; Vi = {es, 4-1, C41, Si-2, are 2 3 <1 < 
n — 2h; Va-a = {€n-1, Un—2,6),;8n—3}3 Vn = {€n, Un—1,€1;$n—2}3 Vngi = {¥,$n—1, U1, ua}. 
Clearly Vi, V2, Vi, Vn—-1, Vn, Vngi (8 < 7 <n — 2) are independent sets of T(H;,). Also |Vi| = 
[Vr] = |Vn4i] = 4 and |V2| = |V;| = 5 (83 <i < n— 2), it holds the inequality ||V;| — |Vj|| <1 
for every pair (i,j), x=(T(Hn)) < n +1. Since ve;(1 < i < n) forms a clique of order 
n+1, x(T(Hn)) > n+1, y=(T(An)) > x(T(Hn)) > 2 +1, x=(T(Hn)) > n +1. Therefore 
y=(T(A,)) =n+1. 


§5. Equitable Coloring on Gear Graph, Line Graph, Middle Graph and 
Total Graph 


Theorem 5.1 If n> 3 the equitable chromatic number of gear graph Gn, X=(Gn) = 2. 
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Proof Let V(G,,) = {vu} U {v1, v2,-++ , Ven} where v,’s are the vertices of cycles taken in 
cyclic order and v is adjacent with vg;-1(1 <i<7n). 

Now, we partition the vertex set of V(G,,) as below. 

Vi = {uv} U {vg : 1 <i <n— 1}; Vo = {vai-1 1 <i <n}. Clearly V,, V2 are independent 
sets of (G,). Also |Vi| =n+1 and |V2| = n, it holds the inequality ||V;|—|V;|| < 1 for every pair 
(i, 9). X=(Gn) S 2. x(Gn) 2 2, X=(Gn) = xX(Gn) 2 2, X=(Gn) 2 2. Therefore y= (Gn) = 2. 


§6. Equitable Coloring on Line Graph, Middle Graph and Total Graph of 
Gear Graph 


Theorem 6.1 [fn > 3 the equitable chromatic number on line graph of Gear graph L(G,), 
x=(L(Gn)) =n. 


Proof Let V(Gn) = {vu} U {v1,v2,-++ van} and E(G,) = {e,: 1 <i < nh U {ei : 
1 <i < 2n-—1}U {ef} where e; is the edge vuz;-1 (1 < 7 < n), ej is the edge ujvi41 
(1 <i < 2n—- 1), and e}, is the edge von_1v1. By the definition of line graph V(L(G,,)) 
= E(Gn) = {vu} U {uj:1<i< Qnhuf{e:l<i<nbuf{el:1<i< 2n}. 

Now, we partition the vertex set of V(L(H,,)) as below. 

Vi = {e1, €5, Con _1}3 Vi = {ei, €b;, €b;_9 2 2 <2 <n}. Clearly Vi, Vo,---V;, are independent 
sets of L(G,,). Also |Vi| = |V;| = 3 (2 <i <n), it holds the inequality ||Vi| — |V;|| < 1 for 
every pair (7,7). y=(L(Gn)) < n. Since e;(1 <7 <n) forms a clique of order n, x(L(Gn)) > 7, 
xX=(L(Gn)) = x(L(Gn)) = n, x=(L(Gn)) = n. Therefore y=(L(Gn)) = n. 


Theorem 6.2 Ifn > 5 the equitable chromatic number on middle graph of Gear graph M(G,), 
yx=(M(Gn)) = n+ 1. 


Proof Let V(Gy) = {v} U {v1, v2,-++ , van} and E(G,) = {e.: 1 <i<n}uf{eb: 1 <i< 
2n — 1} U {e},} where e; is the edge vvai_1 (1 <i < n), ef is the edge vivj41 (1 < i < 2n—- 1), 
and e4,, is the edge van_1v1. By the definition of middle graph V(M(G,)) = V(G,)UE(Gn) = 
{vu} U furl <i< 2nhUf{e,:1<i<nhu feb: 1 <i < Qn}. 

Now, we partition the vertex set of V(M(G,,)) as below. 

Vi = {€1, 02, Copa Can—1hi V2 = {€2, U1, U4; Con—ati Va = (3, U3, C1; V6, Conti Vi = (ei, Cais, 
va—3,U% 2 4 <i < nbU feb, 2 2 5 <i < nh; Vag = {v, €dn_6, Ven—1, Can_3}- Clearly 
Vi, Va,-°° ae are independent sets of M(G,,). Also |Vi| = |V2| = |Vnsil = 4 and 
Vi] = [V3] = 5 (5 < i < n), it holds the inequality ||V;| — |V;|| < 1 for every pair (i,j). 
eae n)) <n+1. Since ve;(1 <i <n) forms a clique of order n+ 1, x(M(G,)) > n+ 1, 

Gn)) 2 x(M(Gn)) 2n+1, x=(M(Gn)) 2 n+ 1. Therefore y=(M(Gn)) =n +1. 


Theorem 6.3 Ifn > 5 the equitable chromatic number on total graph of Gear graph T(G,), 
x=(T(Gn)) =n +1. 


Proof Let V(Gy) = {v} U {u1, v2,+++ , van} and E(G,) = {e,: 1 <i<n}uf{eb: 1 <i< 
2n — 1} U {e},} where e; is the edge vvai_1 (1 <i < n), ef is the edge vivj41 (1 < i < 2n—- 1), 
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and e},, is the edge v2n_111. By the definition of total graph V(T(G,,)) = V(Gn) U E(Gn) = 
{vu} Uf{u:1<i< QnhU fe: 1 <i<nhu {els 1 <i < Qn}. 

Now, we partition the vertex set of V(T(G,)) as below. 

Vi = {e1, 6,04; v2n-1}; Vo = f{e2,v1,e4, ve}; Vi = (es, €p;_5, Vara, Coy, Vaz $3 Sa < 
PA Shes er thy nae Va, Shuai Oy ela) 

Clearly Vi, V2, Vi, Vn, Vnzi (8 < i < n— 1) are independent sets of T(G,,). Also |Vi| = 
|V2| = |Vn| = |Vn4il = 4 and |V;| = 5 (3 <i < n—1), it holds the inequality ||V;| — |Vj|| <1 
for every pair (i,j), x=(T(Gn)) < n+ 1. Since ve;(1 < i < n) forms a clique of order 
n+1, x(T(Gn)) > n+1, v=(T(Gn)) > x(T(Gn)) > n +1, v=(T(Gn)) => n +1. Therefore 
x=(T(Gn)) =n+1. 
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Abstract: For an integer n > 2, let I Cc {0,1,2,---,n}. A Smarandachely Roman s- 
dominating function for an integer s, 2 < s < nm on a graph G = (V,E) is a function 
f:V — {0,1,2,--- ,n} satisfying the condition that |f(u) — f(v)| > s for each edge uv € E 
with f(u) or f(v) € I. Similarly, a Smarandachely Roman edge s-dominating function for 
an integer s, 2 < s < n on a graph G = (V,£) is a function f : E — {0,1,2,--- ,n} 
satisfying the condition that |f(e) — f(h)| > s for adjacent edges e,h € E with f(e) or 
f(h) € I. Particularly, if we choose n = s = 2 and I = {0}, such a Smarandachely Roman s- 
dominating function or Smarandachely Roman edge s-dominating function is called Roman 
dominating function or Roman edge dominating function. The Roman edge domination 
number 7re(G) of G is the minimum of f(F) = \).<, f(e) over such functions. In this 
paper we first show that for any connected graph G of q > 3, qre(G) + Ye(G)/2 < q and 
Yre(G) < 4q/5, where ye(G) is the edge domination number of G. Also we prove that for 
any Yre(G)-function f = {Eo, £1, £2} of a connected graph G of q > 3, |Eo| > ¢/54+ 1, 
|Ei| < 4q/5 — 2 and |F2| < 2q/5. 


Key Words: Smarandachely Roman s-dominating function, Smarandachely Roman edge 


s-dominating function. 


AMS(2010): 05C69 


§1. Introduction 


Let G be a simple graph with vertex set V(G) and edge set E(G). As usual |V| = p and 
|E| = q denote the number of vertices and edges of the graph G, respectively. The open 
neighborhood N(e) of the edge e is the set of all edges adjacent to e in G. And its closed 
neighborhood is N[e] = N(e) U {e}. Similarly, the open neighborhood of a set S C E is the set 
N(S) =U-es N(e), and its closed neighborhood is N[S] = N(S)US. 

The degree of an edge e = uv of G is defined by deg e = deg u + deg v — 2 and 0'(G) 
(A’(G)) is the minimum (maximum) degree among the edges of G (the degree of an edge is the 
number of edges adjacent to it). A vertex of degree one is called a pendant vertex or a leaf and 
its neighbor is called a support vertex. 
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Lete € SC E. Edge h is called a private neighbor of e with respect to S (denoted by h is 
an S-pn of e) if h € Nie] — N[S — {e}]. An S-pn of e is external if it is an edge of E— S. The 
set pn(e,S) = Nie] — N[S — {e}] of all S-pn’s of e is called the private neighborhood set of e 
with respect to S. The set S is said to be irredundant if for every e € S, pn(e,S) AB. Anda 
set S of edges is called independent if no two edges in S are adjacent. 

A set D C V is said to be a dominating set of G, if every vertex in V — D is adjacent to 
some vertex in D. The minimum cardinality of such a set is called the domination number of 
G and is denoted by 7(G). For a complete review on the topic of domination and its related 
parameters, see [5]. 

Mitchell and Hedetniemi in [6] introduced the notion of edge domination as follows. A set 
F of edges in a graph G is an edge dominating set if every edge in FE — F is adjacent to at 
least one edge in F’. The minimum number of edges in such a set is called the edge domination 
number of G and is denoted by ye(G). This concept is also studied in [1]. 

The concept of Roman dominating function (RDF) was introduced by E. J. Cockayne, P. A. 
Dreyer, S. M. Hedetniemi and S. T. Hedetniemi in [3]. (See also [2,4,8]). A Roman dominating 
function on a graph G = (V,£) is a function f : V > {0,1,2} satisfying the condition that 
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2. 
The weight of a Roman dominating function is the value f(V) = )O,cy f(u). The Roman 
domination number of a graph G, denoted by yr(G), equals the minimum weight of a Roman 
dominating function on G. 

A Roman edge dominating function (REDF) on a graph G = (V,£) is a function f : 
E = {0,1,2} satisfying the condition that every edge e for which f(e) = 0 is adjacent to at 
least one edge h for which f(h) = 2. The weight of a Roman edge dominating function is 
the value f(E) = )).cg f(e). The Roman edge domination number of a graph G, denoted by 
re(G), equals the minimum weight of a Roman edge dominating function on G. A Roman edge 
dominating function f : E — {0,1,2} can be represented by the ordered partition (Eo, £1, F2) 
of EF, where E; = {e € E | f(e) =i} and |F,| = q for i = 0,1,2. This concept is studied in 
Soner et al. in [9] (see also [7]). A 7 — set, 7, — set and y,¢-set, can be defined as a minimum 
dominating set (MDS), a minimum Roman dominating set (MRDS) and a minimum Roman 


edge dominating set (MREDS), respectively. 


Theorem A. For a graph G of order p, 
Ye(G) S< Yre(G) < 27e(G). 


It is clear that if G has at least one edge then 1 < 7,<¢(G) < q, where q is the number of 
edges in G. However if a graph is totally disconnected or trivial, we define y,-(G) = 0. We 
note that E(G) is the unique maximum REDS of G. Since every edge dominating set in G is a 
dominating set in the line graph of G and an independent set of edges of G is an independent set 
of vertices in the line graph of G, the following results can easily be proved from the well-known 
analogous results for dominating sets of vertices and independent sets. 


Proposition 1. A Roman edge dominating set S is minimal if and only if for each e € S, one 


of the following two conditions holds. 
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(i) N(e)NS =f. 
(it) There exists an edge he E—S, such that N(h)N S = {e}. 


Proposition 2. Let S = EF, U E2 be a REDS such that |E,| + 2|E2| = yre(G). Then 


~ | < Ydeg(e) 


ees 


and the equality holds if and only if S is independent and for every e € E—S there exists only 
one edge hh € S such that N(e)N S = {h}. 


Proof Since every edge in E(G) — S is adjacent to at least one edge of S, each edge in 
E(G) — S contributes at least one to the sum of the degrees of the edges of S', hence 


|E(G) — S| < dees deg(e) 


Let |E(G) — S| = }°.-5 deg(e). Suppose S$ is not independent. Since S$ is a REDS, every 
edge in # — S is counted in the sum )),., deg(e). Hence if e; and e2 have a common point in 
S, then e; is counted in deg(e2) and vice versa. Then the sum exceeds |E — S| by at least two, 
contrary to the hypothesis. Hence S' must be independent. 

Now suppose N(e) NS = @ or |N(e)N S| > 2 fore € E—S. Since S is a REDS the 


former case does not occur. Let e; and e2 belong to N(e)MS. In this case 57. « deg(e) exceeds 


ecS 
|E(G) — S| by at least one since e; is counted twice: once in deg(e,) and once in deg(ez), a 
contradiction. Hence equality holds if S is independent and for every e € E — S there exists 
only one edge h € S such that N(e) 1S = {h}. Conversely, if S is independent and for every 


e € E —S there exists only one edge h € S such that N(e)N S = {h}, then equality holds. 


Proposition 3. Let G be a graph and S = E, U Ey be a minimum REDS of G such that 
|S| = 1, then the following condition hold. 


(i) S ts independent. 

(ii) |E—S| =) eg deg(e). 
(iit) A(G) =q-1. 

(iv) q/(A’ +1) =1. 


An immediate consequence of the above result is. 


Corollary 1 For any (p,q) graph, Yre(G) = p—q+1 if and only if G has ye components each 


of which is isomorphic to a star. 


Proposition 4. Let G be a graph of q edges which contains a edge of degree q — 1, then 
Ye(G) = 1 and yre(G) = 2. 


Proposition 5.({9]) Let f = (Eo, £1, E2) be any REDF. Then 


(i) (E,) has maximum degree one. 
(it) Each edge of Eo is adjacent to at most two edges of Ey. 
(iit) Fg is an ye-set of H = G[Eo U Ey]. 
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Proposition 6. Let f = (Eo, Fi, F2) be any Jre-function. Then 


(i) No any edge of EF, is adjacent to any edge of E4. 

(it) Let H = G[Eo U Ey]. Then each edge e € E> has at least two H-pn’s (i.e private 
neighbors relative to Ey in the graph H). 

(iit) If e is isolated in G[E2] and has precisely one external H-pn, say h € Eo, then 
N(hA)NE, =. 


Proof (i) Let e1,e2 € E, where e; adjacent to e2, f(e1) = 1 and f(e2) = 2. Form f’ by 
changing f(e1) to 0. Then f’ is a REDF with f’(E) < f(£), a contradiction. 

(it) By Proposition 5(iii), E2 is an y--set of H and hence is a maximal irredundant set in 
H. Therefore, each e € E> has at least one E2-pn in H. 

Let e be isolated in G[E2]. Then e is a E2-pn of e. Suppose that e has no external F-pn. 
Then the function produced by changing f(e) from 2 to 1 is an REDF of smaller weight, a 
contradiction. Hence, e has at least two E2-pns in H. 

Suppose that e is not isolated in G[E2] and has precisely one E-pn (in H), say w. Consider 
the function produced by changing f(e) to 0 and f(h) to 1. The edge e is still dominated because 
it has a neighbor in £2. All of e’s neighbors in Ep are also obtained, since every edge in Ey has 
another neighbor in £2 except for h, which is now in £,. Therefore, this new function is an 
REDF of smaller weight, which is a contradiction. Again, we can conclude that e has at least 
two Fo-pns in H. 

(iti) Suppose the contrary. Define a new function f’ with f’(e) = 0, f’(e’) = 0 for e’ € 
N(h)NE\, f'(h) = 2, and f’(x) = f(x) for all other edges x. f’(E) = f(E)—|N(hA)NE\| < f(F), 
contradicting the minimality of f. 


Proposition 7. Let f = (Eo, Fi, E2) be a Yre-function of an isolate-free graph G, such that 


|E>| = qo is a maximum. Then 


i) Ey is independent. 
it) The set Eo dominates the set Ej. 


iti) Each edge of Eo is adjacent to at most one edge of Ey. 


—~ ~~ nan 


iv) Let e € G[E] have exactly two external H-pn’s e; and eg in Ey. Then there do not 
exist edges hy, hz € Ey such that (hi, e1, e, €2, hg) is the edge sequence of a path Pe. 


Proof (i) By Proposition 5(2), G[E,] consists of disjoint K2’s and P3’s. If there exists a 
P3, then we can change the function values of its edges to 0 and 2. The resulting function 
g = (Wo, Wi, W2) is a 7,e-function with |W2| > |F2|, which is a contradiction. Therefore, F is 
an independent set. 

(ii) By (i) and Proposition 6(i), no edge e € Fy is adjacent to an edge in Fy U Ey. Since 
G is isolate-free, e is adjacent to some edge in Ey. Hence the set Eo dominates the set Fy. 

(iti) Let e € Ey and B = N(e)M Ej, where |B| = 2. Note that |B] < 2, by Proposition 
5(ii). Let 


Wo = (Eo U B) — {e}, 
Wi=£,-B, 
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Wo => Ey» U {e}. 


We know that Fz dominates Eo, so that g = (Wo, Wi, W2) is an REDF. 
g(E) = |W,| + 2|W2| = |Fi| — B+ 2|£.| — 2 = f(£). Hence, g is a 7,<-function with 
|W2| > |£2|, which is a contradiction. 
iv) Suppose the contrary. Form a new function by changing the function values of (h1, e1, €, e2, h2) 
from (1,0,2,0,1) to (0,2,0,0,2). Then the new function is a +,¢-function with bigger value of 


q2z, which is a contradiction. 


§2. Graph for Which 4,.(G) = 27-(G) 


From Theorem A we know that for any graph G, 7,<(G) < 27-(G). We will say that a graph 
G is a Roman edge graph if ye(G) = 27(G). 


Proposition 8. A graph G is Roman edge graph if and only if it has @ %re-function f = 
(Eo, E1, E2) with a= |E;| = 0. 


Proof Let G be a Roman edge graph and let f = (Eo, £1, E2) be a 7e-function of G. 
Proposition 5(iii) we know that E2 dominates Eo, and E, U E2 dominates E, and hence 


Ye(G@) < |Ey U Bo| = |Ei| + |B2| < |i] + 2|E2| = yre(G). 
But since G is Roman edge, we know that 
2e(G) = 2|Bi| + 2|E2| = Yre(G) = |Ei| + 2| Ep]. 


Hence, qi = |F\| = 0. 

Conversely, let f = (Eo, fi, £2) be a 7e-function of G with q = |Fi| = 0. Then, 
re(G) = 2|E>|, and since by definition EU Ey dominates F, it follows that EF is a dominating 
set of G. But by Proposition 5(iii), we know that E is a ye-set of G[Eo U Ey], ie. ye(G) = |E2 
and Yre(G) = 2ye(G), ie. G is a Roman edge graph. 


§3. Bound on the Sum 7;,¢(G) + ye(G)/2 


For q-edge graphs, always 7;-(G) < g, with equality when G is isomorphic with mK» or mP3. 
In this section we prove that 7re(G) + ye(G)/2 < q and Yre(G) < 4¢/5 when G is a connected 
q-edge graph. 


Theorem 9. For any connected graph G of q => 3, 


(2) Yre(G) + Ye(G)/2 < @. 
(ii) Yre(G) < 4q/5. 


Proof Let f = (Eo, Fi, E2) be a yre(G)-function such that |/2| is maximum. It is proved 
in Proposition 6(i) that for such a function no edge of E is adjacent to any edge of Fz and every 
edge e of E> has at least two E2-private neighbors, one of them can be e itself if it is isolated in 
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E, (true for every yre(G)-function). The set Ey is independent and every edge of Ep has at most 
one neighbor in FE. Moreover we add the condition the number pu(f) of edges of Ey with only 
one neighbor in Zo is minimum. Suppose that Nz, (e) = {h} for some e € Ey. Then partition 
EG = (Eo\{h}) U {e} U Ne, (h), EY = Fi\Ne,(h) and ES = (£o\{e}) U {h} is a Roman edge 
dominating function f’ such that w(f’) = w(f)—1if Nz, (h) 4 2, or w(f’) = w(f), |S] = |e! 
but p(f’) < u(f) if Nez, (h) = @ since then, G being connected g > 3, h is not isolated in Ep. 
Therefore every edge of E2 has at least two neighbors in Eo. Let A be a largest subset of E> 
such that for each e € A there exists a subset A. of Ng, (e) such that the set A¢ is disjoint, 
|Ae| > 2 and sets Uceea Ae = UceaNaz,(e). Note that A. contains all the external E-private 
neighbors of e. A’ = E2\A. 


Case 1 A’=@. 


In this case |Eo| > 2|E2| and |E\| < |Eo| since every edge of Eo has at most one neighbor 
in E;. Since Eo is an edge dominating set of G and |Eo|/2 > |E2| we have 

(i) Yre(G) + Ye(G)/2 < |Fa| + 21Bo| + |Bol/2 < |Fol + |Eil + [Bal = 4. 

(il) 5Yre(@) = 5|Hy|4+10|B9| = 4q—4|Ho|-+|4|+6|E0] = 4q—3(|Bo|—21 Bol) —(|Bol—|El) < 
dq. Hence yre(G) < 4q/5. 


Case 2 A’# @. 


Let B = UceaAe and B’ = Eo\B. Every edge ¢ in A’ has exactly one £2-private neighbor 
e’ in Eo and Ne’ (e) = {e’} for otherwise ¢ could be added to A. This shows that |A’| = |B’|. 
Moreover since |Ng,(€)| > 2, each edge ¢ € A’ has at least one neighbor in B. Let eg € 
BO Np, (e) and let 4 be the edge of A such that eg € A,,. The edge €, is well defined since 
the sets A. with e € A form a partition of B. 


Claim 1 |A.,| = 2 for each e € A’ and each ep € BO Nz, (é). 


Proof of Claim 1 If |A-,| > 2, then by putting A, = A-,\{ee} and A- = {e’,eR} we can 
see that Ay = AU {e} contradicts the choice of A. Hence |A-,| = 2, 4 has a unique external 
E5-private neighbor ¢/, and A,, = {€p,¢'4}. Note that the edges ¢4 and « are isolated in E» 
since they must have a second E2-private neighbor. 


Claim 2 Ife,y¢ A’ theneg #yp and A., F Ay,. 


Proof of Claim 2 Let <’ and 7’ be respectively the unique external E2-private neighbors of ¢ 
and y. Suppose that ¢p = yg, and thus ey, = ya. The function g : E(G) — {0,1, 2} defined by 
g(eB) = 2, g(€) = g(y) = glEa) = 9, gles) = oly’) = g(e’) = 1 and gle) = f(e) otherwise, is a 
REDF of G of weight less than +,¢(G), a contradiction. Hence eg # yg. Since Az, 2 {éB, €'4} 
and |A-,| = 2, the edge yg is not in A-,. Therefore A-, 4 Ay,. 

Let A” = {e4 |e € A’ and ep © BN Ng, (e)} and B” = Uceav Ac. By Claims 1 and 2, 


|B’| + 2|A”| and |A”| > |A’. 
Let A” = E\(A'U A”) and B!” = Ucean Ae = Eo\(B' UB"). By the definition of the sets Ae, 


|B") > \2A””"|. 
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Claim 3 Ife ¢ A’ andeg € BN Ng, (e), then e’,ep and e', have no neighbor in E,. Hence 


B" dominates Ey. 


Proof of Claim 3 Let h bea edge of Ey. If h has a neighbor in B’UB"”, Let g : E(G) — {0,1, 2} 
be defined by g(e‘,) = 2, g(h) = g(ea) = 0, g(e) = f(e) otherwise if h is adjacent to ey, 
g(e’) = 2, g(h) = g(e) = 90, g(e) = fle) otherwise if h is adjacent to &’, 

gen) = 2, g(h) = glea) = gle) = 0, gle's) = gle") =1, gle) = f (6) otherwise if h is 
adjacent to eg. In each case, g is a REDF of weight less than 7,-(G), a contradiction. Therefore 
N(h) C BY”. 


We are now ready to establish the two parts of the Theorem. 
(i) By Claim 3, B’’ U A’U A” is an edge dominating set of G. Therefore, since |.A’| = |B’| 
and |B’”’| > |2A’”| we have, 


ye(G) < |B | +A +]A") < [BM] +|B" < (2|B"| — 2|A""|) + (2|B"| — 2]A")) + (2|B"| — 2| A’). 


Hence 7e(G) < 2|Eo| — 2|E2| and yre(G) + Ye(G)/2 < (|Fi| + 2| Fal) + (|Eo| — |E2l) = 4. 
(ii) By Claim 3 and since each edge of E; has at most one neighbor in Eo and |F\| < |B’. 
Using this inequality and since |A’| = |B’| and |B’”’| > |2A””| we get 


5 re(G) = 5| E41 | + 10| F4| = 4q = 4| Eo| + |E\| + 6| £5| < 4q 4|B’| 4|B"| 4|B’"| 
+|B™| + 6|A’| + 6|A"] + 6A] < 4g + 2([A’] —|A"|) + 8Q|A”| — |B) < 4¢. 


Hence Yre(G) < 4q/5. 


Corollary 10 Let f = (£0, Fi, F2) be a re(G) — function of a connected graph G. If 
k|E2| < |Eo| such that k > 4, then ye(G) < (k— 1)q/k. 


§4. Bounds on |£o|, |£i| and |£2| for a 7,-(G)-Function (Eo, £1, E2) 


Theorem 11. Let f = (Eo, Fi, E2) be any yre(G) — function of a connected graph G of q > 3. 
Then 


(1) 1 < |Ep| < 2/5; 
(2) 0 < |Fi| < 4q/5 — 2; 
(3) g/5 +1 < |Eo| Sq-1. 


Proof By Theorem 9, || + 2|E£2| < 4q/5. 


(1) If Fy = @, then E, = q and Ey = @. The REDF (0,q,0) is not minimum since 
|E\| + 2|E2| > 4q/5. Hence |£2| > 1. On the other hand, |£2| < 2¢/5 — |Fy|/2 < 2q/5. 

(2) Since |E2| > 1, then |By| < 4q/5 — 2|B2| < 4q/5 — 2. 

(3) The upper bound comes from |Eo| < q— |E£2| < q-—1. For the lower bound, adding on 
side by side 2|Eo| + 2|Fi| + 2|£2| = 2¢, -|Fi| — 2|E2| > —4q/5 and —|F,| > —4q/5 + 2 gives 
2|Eo| > 2¢/54+ 2. Therefor, |Eo| > ¢/54+ 1. 
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Abstract: For a connected graph G = (V, £), a Smarandachely k-monophonic set of G 
is a set M C V(G) such that every vertex of G is contained in a path with less or equal 
k chords joining some pair of vertices in M. The Smarandachely k-monophonic number 
m(G) of G is the minimum order of its Smarandachely k-monophonic sets. Particularly, a 
Smarandachely 0-monophonic path, a Smarandachely 0-monophonic number is abbreviated 
to a monophonic path, monophonic number m(G) of G respectively. Any monophonic set 
of order m(G) is a minimum monophonic set of G. A monophonic set M in a connected 
graph G is called a minimal monophonic set if no proper subset of M is a monophonic set 
of G. The upper monophonic number m*(G) of G is the maximum cardinality of a minimal 
monophonic set of G. Connected graphs of order p with upper monophonic number p and 
p—1 are characterized. It is shown that for every two integers a and b such that 2<a<b, 


there exists a connected graph G with m(G) = a and m*t(G) = b. 


Key Words: Smarandachely k-monophonic path, Smarandachely k-monophonic number, 


monophonic path, monophonic number. 
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§1. Introduction 


By a graph G = (V, E), we mean a finite undirected connected graph without loops or multiple 
edges. The order and size of G are denoted by p and q respectively. For basic graph theoretic 
terminology we refer to Harary [1]. The distance d(u,v) between two vertices u and v in a 
connected graph G is the length of a shortest u—v path in G. An u—v path of length d(u, v) 
is called an u— v geodesic. A vertex x is said to lie on a u—v geodesic P if x is a vertex of P 
including the vertices u and v. The eccentricity e(v) of a vertex v in G is the maximum distance 
from v and a vertex of G. The minimum eccentricity among the vertices of G' is the radius, rad 
G or r(G) and the maximum eccentricity is its diameter, diam G of G. A geodetic set of Gisa 
set S C V(G) such that every vertex of G is contained in a geodesic joining some pair of vertices 
of S. The geodetic number g(G) of G is the minimum cardinality of its geodetic sets and any 
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geodetic set of cardinality g(G) is a minimum geodetic set of G. The geodetic number of a graph 
is introduced in [2] and further studied in [3]. N(v) = {u € V(G) : uv € E(G)} is called the 
neighborhood of the vertex v in G. For any set S of vertices of G, the induced subgraph < S > 
is the maximal subgraph of G with vertex set S. A vertex v is an extreme vertex of a graph G if 
< N(v) > is complete. A chord of a path wo, ui, u2,...,Un is an edge uju,;, with 7 >i+2. An 
u—v path is called a monophonic path if it is a chordless path. A Smarandachely k-monophonic 
set of G is a set M C V(G) such that every vertex of G is contained in a path with less or 
equal & chords joining some pair of vertices in M. The Smarandachely k-monophonic number 
m(G) of G is the minimum order of its Smarandachely k-monophonic sets. Particularly, a 
Smarandachely 0-monophonic path, a Smarandachely 0-monophonic number is abbrevated to 
monophonic path, monophonic number m(G) of G respectively. Thus, a monophonic set of G is 
a set M CV such that every vertex of G is contained in a monophonic path joining some pair 
of vertices in M. The monophonic number m(G) of G is the minimum order of its monophonic 
sets and any monophonic set of order m(G) is a minimum monophonic set or simply a m— set 
of G. It is easily observed that no cut vertex of G belongs to any minimum monophonic set 
of G. The monophonic number of a graph is studied in [4, 5, 6]. For the graph G given in 
Figure 1.1, S$, = {vo,v4, us}, So = {v2,v4,u6} are the only minimum geodetic sets of G so 
that g(G) = 3. Also, My = {v2, v4}, Mo = {v4, v6}, M3 = {v2, v5} are are the only minimum 
monophonic sets of G so that m(G) = 2. 


¥L va 


V4 Ws 


Figure 1: G 


§2. The Upper Monophonic Number of a Graph 


Definition 2.1 A monophonic set M in a connected graph G is called a minimal monophonic 
set if no proper subset of M is a monophonic set of G. The upper monophonic number m* (G) 


of G is the maximum cardinality of a minimal monophonic set of G. 


Example 2.2 For the graph G given in Figure 1.1, Mz = {v1, v3, us} and Ms = {v1, v3, v6} 
are minimal monophonic sets of G so that m*(G) > 3. It is easily verified that no four element 
subsets or five element subsets of V(G) is a minimal monophonic set of G and so m*(G) = 3. 


Remark 2.3 Every minimum monophonic set of G is a minimal monophonic set of G and 


the converse is not true. For the graph G given in Figure 1.1, M4 = {v1, v3, vs} is a minimal 
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monophonic set but not a minimum monophonic set of G. 


Theorem 2.4 Each extreme vertex of G belongs to every monophonic set of G. 


Proof Let M be a monophonic set of G and v be an extreme vertex of G. Let {v1, v2,..., ve} 
be the neighbors of v in G. Suppose that v ¢ M . Then v lies on a monophonic path 
Pi%=21,%2,...,Uj,V,Uj,-.-,lm = y, where x,y € M. Since uv; is a chord of P and so P is 


not a monophonic path, which is a contradiction. Hence it follows that v € M. 


Theorem 2.5 Let G be a connected graph with cut-vertices and S be a monophonic set of G. 


Ifv is a cut -vertex of G, then every component of G—v contains an element of S. 


Proof Suppose that there is a component G of G— v such that G contains no vertex of 
S. By Theorem 2.4, G; does not contain any end-vertex of G. Thus G contains at least one 
vertex, say u. Since S is a monophonic set, there exists vertices x,y € S such that u lies on the 
x —y monophonic path P : x = up, Uj, U2,..-,U,---,Use = y in G. Let P, be a x — u sub path 
of P and P,; be au—y subpath of P. Since v is a cut-vertex of G, both P; and P2 contain v 
so that P is not a path, which is a contradiction. Thus every component of G — v contains an 


element of S. 


Theorem 2.6 For any connected graph G, no cut-vertex of G belongs to any minimal mono- 
phonic set of G. 


Proof Let M be a minimal monophonic set of G and v € M be any vertex. We claim that 
v is not a cut vertex of G. Suppose that v is a cut vertex of G. Let G1, Go,...,G,(r > 2) be 
the components of G—v. By Theorem 2.5, each component G(1 <7 <1) contains an element 
of M. We claim that M; = M — {v} is also a monophonic set of G. Let x be a vertex of G. 
Since M is a monophonic set, x lies on a monophonic path P joining a pair of vertices u and v 
of M. Assume without loss of generality that u € G,. Since v is adjacent to at least one vertex 
of each G;(1 <i <r), assume that v is adjacent to z in Gz, k #1. Since M is a monophonic 
set, z lies on a monophonic path @ joining v and a vertex w of M such that w must necessarily 
belongs to Gy. Thus w 4 v. Now, since v is a cut vertex of G, PUQ is a path joining u 
and w in M and thus the vertex x lies on this monophonic path joining two vertices u and w 
of M,. Thus we have proved that every vertex that lies on a monophonic path joining a pair 
of vertices u and v of M also lies on a monophonic path joining two vertices of M,. Hence 
it follows that every vertex of G lies on a monophonic path joining two vertices of M,, which 
shows that M, is a monophonic set of G. Since M4, ¢ M, this contradicts the fact that M is a 
minimal monophonic set of G. Hence v ¢ M so that no cut vertex of G belongs to any minimal 


monophonic set of G. 


Corollary 2.7 For any non-trivial tree T, the monophonic number m*(T) = m(T) = k, where 


k is number of end vertices of T. 


Proof This follows from Theorems 2.4 and 2.6. 
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Corollary 2.8 For the complete graph K,(p > 2), m*(K,) = m(K,) =p. 


Proof Since every vertex of the complete graph, K,,(p > 2) is an extreme vertex, the vertex 


set of I, is the unique monophonic set of K,. Thus mt (K,) = m(K,) = p. 
Theorem 2.9 For a cycle G = C,(p > 4), mt(G) =2 = m/(G). 


Proof Let x,y be two independent vertices of G. Then M = {x,y} is a monophonic set of 
G so that m(G) = 2. We show that m*(G) = 2. Suppose that m*(G) > 2. Then there exists 
a minimal monophonic set M, such that |M,| > 3. Now it is clear that M ¢ M1, which is a 


contradiction to M, a minimal monophonic set of G. Therefore, m*(G) = 2. 


Theorem 2.10 For a connected graph G, 2 < m(G) < m*(G) < p. 


Proof Any monophonic set needs at least two vertices and so m(G) > 2. Since every min- 
imal monophonic set is a monophonic set, m(G) < m*(G). Also, since V(G) is a monophonic 
set of G, it is clear that m*(G) < p. Thus 2 < m(G) < m*(G) < p. 


The following Theorem is proved in [3]. 


Theorem A Let G be a connected graph with diameter d .Then g(G) <p—d+l. 
Theorem 2.11 Let G be a connected graph with diameter d .Then m(G) < p—d+1. 


Proof Since every geodetic set of G is a monophonic set of G, the assertion follows from 
Theorem 2.10 and Theorem A. 


Theorem 2.12 For a non-complete connected graph G, m(G) < p—k(G), where k(G) is vertex 


connectivity of G. 


Proof Since G is non complete, it is clear that 1 < k(G) < p—2. Let U = {uj, ua,..., ux} 
be a minimum cutset of vertices ofG. Let G1,G2,...,G,(r > 2) be the components of G — U 
and let M = V(G) — U. Then every vertex u;(1 < i < k) is adjacent to at least one vertex of 
G;(1 <j <r). Then it follows that the vertex u; lies on the monophonic path x, u;,y, where 
x,y € M so that M is a monophonic set. Thus m(G) < p— k(G). 


The following Theorems 2.13 and 2.15 characterize graphs for which m*+(G) = p and 
m*(G) = p—1 respectively. 


Theorem 2.13 For a connected graph G of order p, the following are equivalent: 
(i) m*(G) =p; 


(ti) m(G) = p; 
(itt) G = Kp. 


Proof (i) = (ii). Let m*(G) = p. Then M = V(G) is the unique minimal monophonic 
set of G. Since no proper subset of M is a monophonic set, it is clear that M is the unique 
minimum monophonic set of G and so m(G) = p. (ti) > (itt). Let m(G) = p. If G F Ky, then 
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by Theorem 2.11, m(G) < p—1, which is a contradiction. Therefore G = Ky. (ti) > (dit). Let 
G = K,. Then by Corollary 2.8, m+(G) = p. 


Theorem 2.14 Let G be a non complete connected graph without cut vertices. Then m*(G) < 
p—2. 


Proof Suppose that m*(G) > p—1. Then by Theorem 2.13, m*(G) = p—1. Let v be a 
vertex of G and let M = V(G) — {v} be a minimal monophonic set of G. By Theorem 2.4, v 
is not an extreme vertex of G. Then there exists x,y € N(v) such that xy ¢ E(G). Since v is 
not a cut vertex of G, < G—v > is connected. Let 7,21, 22,...,% ,,y be a monophonic path 
in<G-—v>. Then M, = M — {21,22,...,%n} is a monophonic set of G. Since M, € M, My, 
is not a minimal monophonic set of G, which is a contradiction. Therefore m*(G) < p— 2. 


Theorem 2.15 For a connected graph G of order p, the following are equivalent: 


(i) m*(G)=p-1, 
(ii) m(G)=p-I; 
(itt) G= iy +Um,K;, Ym; = 2. 


Proof (i) => (ii). Let m*(G) = p—1. Then it follows from Theorem 2.13 that G is 
non-complete. Hence by Theorem 2.14, G contains a cut vertex, say v. Since m+(G) = p— 1, 
hence it follows from Theorem 2.6 that 1 = V — {v} is the unique minimal monophonic set 
of G. We claim that m(G) = p— 1. Suppose that m(G) < p— 1.Then there exists a minimum 
monophonic set M, such that |M\| < p—1. It is clear that vu ¢ My). Then it follows that 
M, ¢ M, which is a contradiction. Therefore m(G) = p—1. (ti) > (iti). Let m(G) = p— 1. 
Then by Theorem 2.11, d < 2. Ifd = 1, then G = Ky, which is a contradiction. Therefore 
d = 2. If G has no cut vertex, then by Theorem 2.12, m(G) < p— 2, which is a contradiction. 
Therefore G has a unique cut-vertex, say v. Suppose that G # K,+\Jm,K,. Then there exists 
a component, say G'; of G—v such that < G; > is non complete. Hence |V(G,)| > 3. Therefore 
< G, > contains a chordless path P of length at least two. Let y be an internal vertex of the 
path P and let M = V(G) — {v,y}. Then M is a monophonic set of G so that m(G) < p— 2, 
which is a contradiction. Thus G = kK, + Um,K;. (iti) > ()). Let G= K, +Um;K;. Then 
by Theorems 2.4 and 2.6, m+(G) = p-—1. 


In the view of Theorem 2.10, we have the following realization result. 


Theorem 2.16 For any positive integers 2<a< ), there exists a connected graph G such that 
m(G) =a and m*(G) = b. 


Proof Let G be a graph given in Figure 2.1 obtained from the path on three vertices 
P : uj,U2,u3 by adding the new vertices v1,v2,..-,Up—a+1 and wy, We,...,Wa—1 and joining 
each uy; (1 < i < b—a+1) to each vj(1 < 7 < b—a+1), i F J, and also joining each 
w; (1 <i <a-—1) with uw and ug. First we show that m(G) = a. Let M be a monophonic 
set of G and let W = {wi, we,...,Wa-1}. By Theorem 2.4, W C M. It is easily seen that W 
is not a monophonic set of G. However, W U {us} is a monophonic set of G and so m(G) =a. 
Next we show that m*(G) = b. Let My = WU {04, v2,.--,Up—-a41}. Then M, is a monophonic 
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Figure 2: G 


set of G. If M, is not a minimal monophonic set of G, then there is a proper subset 7 of 
M, such that T is a monophonic set of G. Then there exists v € M; such that v ¢ T. By 
Theorem 2.4, 0 4 w; (1 <i<a-—1). Therefore v = vu; for some i (1 <i < b—a+1). Since 
vjuj(1 <i,7 <b-—a+t+1),i #7 is a chord, v; does not lie on a monophonic path joining some 
vertices of T and so T is not a monophonic set of G, which is a contradiction. Thus Mj, is a 
minimal monophonic set of G and so mt(G) > b. Let T’ be a minimal monophonic set of G 
with |T’| > 6+1. By Theorem2.4, W C T’. Since WU {us} is a monophonic set of G, u3 ¢ T’. 
Since M, is a monophonic set of G, there exists at least one v; such that v; ¢ T’. Without loss 
of generality let us assume that v; ¢ T’. Since |T"| > b+1, then wu, wg must belong to T’. Now 
it is clear that v, does not lie on a monophonic path joining a pair of vertices of T’, it follows 
that T’ is not a monophonic set of G, which is a contradiction. Therefore mt (G) = b. 
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Abstract: Let G be a (p,q) graph. An injective map f : V(G) — {+1,+2,---,+ p} is 
called a pair sum labeling if the induced edge function, fe : E(G) — Z — {0} defined by 
fe(uv) = f(u) + f(v) is one-one and fe(E(G)) is either of the form {+ ki1,+ ke,--- ,+ ka} 


or {+ ki, + ko,...,+ kg-1} U {kati } according as q is even or odd. Here we study about 
2 2 


the pair sum labeling of some standard graphs. 


Key Words: Path, cycle, star, ladder, quadrilateral snake, Smarandachely pair sum V- 
labeling. 


AMS(2010): 05C78 


§1. Introduction 


The graphs considered here will be finite, undirected and simple. The symbols V(G) and E(G) 
will denote the vertex set and edge set of a graph G. p and q denote respectively the number 
of vertices and edges of G. The Union of two graphs G; and G2 is the graph G; U G2 with 
V(G, UG2) = V(Gi) UV(G2) and E(G, U G2) = E(G)) U E(G2). If P, denotes a path on 
n vertices, the graph L, = P: x P, is called a ladder. Let G be a graph. A 1-1 mapping 
f:V(G) > {+ 1,+ 2,...,+ |V]} is said to be a Smarandachely pair sum V-labeling if the 
induced edge function, f. : E(G) — Z — {0} defined by f.(uwv) = f(u) + f(v) for uw € E(G) 
is also one-one and f.(E(G)) is either of the form {+ k1,+ ka,...+ kizj2} if |E| = 0(mod 2) 
or {+ ky, ko, Kie-1} U {kasyy } if |Z] = 1(mod 2). Particularly we abbreviate a 
Smarandachely pair sum V-labeling to a pair sum labeling and define a graph with a pair sum 


labeling to be a pair sum graph. The notion of pair sum labeling has been introduced in [4]. 
In [4] we investigate the pair sum labeling behavior of complete graph, cycle, path, bistar etc. 
Here we study pair sum labeling of union of some standard graphs and we find the maximum 
size of a pair sum graph. Terms not defined here are used in the sense of Gary Chartrand [2] 
and Harary [3]. 
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§2. Pair Sum Labeling 


Definition 2.1 Let G be a (p,q) graph. A one - one map f : V(G) > {4 1,+ 2,...,+ p} 
is said to be a pair sum labeling if the induced edge function fe: E(G) > Z — {0} defined by 
fe(uv) = f(u) + fv) is one-one and fe(E(G)) is either of the form {+ ki,+ ko,...,4 ka} 
or {+ ky, + ko,...,4 kaa} U {Kass } according as q is even or odd. A graph with a pair sum 


labeling defined on it is called a pair sum graph. 


Notation 2.2 Let G bea pair sum graph with pair sum labeling f. We denote M = Mazx{f(u) : 
uéV(G)} andm= Min{f(u): ue V(G)}. 


Observation 2.3 
(a) If G is an even size pair sum graph then G — e is also a pair sum graph for every edge e. 


(b) Let G be an odd size pair sum graph with - fe(e) ¢ fe(E). Then G—e is a pair sum 
graph. 


Proof These results follow from Definition 2.1. 


Observation 2.4 Let G be a pair sum graph with even size and let f be a pair sum labeling of 
G with f(u) = M. Then the graph G* with V(G*) = V(G) U {v} and E(G*) = E(G) U {uv} ts 


also a pair sum graph. 


Proof Define f* : V(G*) > {+ 1,+ 2,,+ (p+1)} by f*(w) = f(w) for all w € V(G) and 
f*(v) =p+1. Then f.(E(G*)) = f.(E(G)) U{M + p+ 1}. Hence f is a pair sum labeling. 


S.M. Lee and W. Wei define super vertex-graceful labeling of a graph [1]. 


Definition 2.5 A (p,q) graph is said to be super vertex-graceful if there is a bijection f from V 


to{ Oye Tie pay py} when p is odd and from V to {+ 1,+ 2,...,+ S} when p is even 
such that the induced edge labeling f* defined by ft(uv) = f(u) + f(v) over all edges uv is a 
bijection from E to {0,4 1,+ 2,..., aa when q is odd and from E to {+ 1,+ 2,...,+ $} 


when q is even. 


Observation 2.6 Let G be an even order and even size graph. If G is super vertex graceful 


then G is a pair sum graph. 


Remark. Ky, is a pair sum graph but not super vertex graceful graph. 


Theorem 2.7 If G is a (p,q) pair sum graph then q < 4p — 2. 


Proof Let f be a pair sum labeling of G. Obviously —2p+1< f.(uv) < 2p—1, fe(uv) £0 
for all wv. This forces q < 4p — 2. 


We know that Ky, and K2,, are pair sum graph [4]. Now we have 


Corollary 2.8 Ifm,n > 8, then Km. 1s not a pair sum graph. 
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Proof This result follows from the inequality (m — 4)(n — 4) < 14 and the condition 


m>8&,n> 8. 


§3. Pair Sum Labeling of Union of Graphs 


Theorem 3.1 Ky ,U Kim is a pair sum graph. 


Proof Let u,uy,u2,... 


Case 1 m=n. 


Define 


Case 2 m>n. 


Define 
f(u) = 
f(us) = 841, 
f(v) = 
f(vi) = e + 1), 
F(Un+2i-1) = 


f (Un+2i) =n+it+ 3, 


Un be the vertices of Ky, and E(K1,,) = {uu; 
U, U1, V2,-+-,Um be the vertices of Ky, and E(Kym) = {vv : 


=i+1, 1l<i<m 

—l, 

—(i+1), l<i<m 
1l<i<n, 
1l<i<n, 

“appa, Tae 
pg =e) 

2 

ie 
ie 

2 


Then clearly f is a pair sum labeling. 


Theorem 3.2 Py, U Ky, is a pair sum graph. 


Proof Let wi, u2,...Um be the path P,,. Let V(Ki.n) = {v, % 


{uv; :1<i<n}. 


Case 1 m=n. 


1<i<n}. 


if m— n is even or 
if m — n is odd, 
if m— n is even or 


if m — n is odd. 


:1<i< nb}. Let 


:1<i<n}and E(k, ,) = 
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Define 
f(u) =1, 1l<i<m, 
f(v) =-1, 
f(vi) = -2%, l<i<m, 
Case 2 n>™m. 
Define 
f(ui) = l<i<m, 
fw) = 
flv) = Led Sms, 
f(Um+2i-1) = 2m +i, ig OE if n—m is odd or 
Vege = if m—m is even, 
f(Um+2i-2) = —(2m +7 — 2), psig homit if m—m is odd or 
eg aa if n—™m is even. 


Then f is a pair sum labeling. 


Theorem 3.3 [fm=n, then Cy, UC, is a pair sum graph. 


Proof Let wuyug,...Unu, be the first copy of the cycle in C, UC, and 
UjU2...Unv be the second copy of the cycle in C;, U Ch. 


Case 1 m=n=Ak. 


Define 
f(wi) = Lore 2k 1, 
fete =2k+1, 
f(uar+i) = —4, 1<i<2k—-1, 
f(Un) = -2k—1, 
f(v;) = 2k + 24, 1<i<2k, 
f (vop4i) = —2k — 2i, 1<i< 2k. 

Case2 m=n=4k+2. 

Define 
f(ui) = 1<i<2k+1, 
ae =-1, 1<i<2k+1, 
f (uj) = 2k + 2i, 1<i<2k+1, 
f (varq14i) = —2k — 23, 1<i<2k+1. 
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Case 3 m=n=2k+1. 


Assigning —2 to u; and 7 to v;, we get a pair sum labeling. 


Remark. mG denotes the union of m copies of G. 


Theorem 3.4 [fn <4, then mK,, is a pair sum graph. 


Proof If n = 1, the result is obvious. 
Case l n=2. 


Assign the label i and i+ 1 to the vertices of i*” copy of K» for all odd i. For even values 
of i, label the vertices of the i” copy of Ky by —i +1 and —i. 


Case 2 n=3. 
Subcase 1 ™ is even. 


Label the vertices of first 4 copies by 3i — 2,3i—1,32(1 <i < m/2). Remaining 4 copies 
are labeled by —32 + 2, —32 + 1, —3:. 


Subcase 2. ™ is odd. 


Label the vertices of first (m— 1) copies as in Subcase (a). In the last copy label the 


vertices by Sma). +1, =3im) — 2, Sonat) +3 respectively. 


Case 3 n=4. 
Subcase 1 ™ is even. 


Label the vertices of first 4 copies by 47 — 3, 41 — 2,47-1,44 (1<i< #). Remaining } 
copies are labeled by —4i + 3, —47 + 2, —47 + 1, —42. 


Subcase 2. ™ is odd. 


Label the vertices of first (m — 1) copies as in Sub case (a). In the last copy label the 


vertices by —2m,2m+1,2m+ 2 and —2m — 3 respectively. 


Theorem 3.5 Ifn>9, then mK, is not a pair sum graph. 


-—1 
Proof Suppose mK, is a pair sum graph. By Theorem 2.7, we know that mntn 1) 


< 
4mn—2, ie., mn(n—1) < 8mn—4. That is 8mn—mn?+mn—4 > 0. Whence, Imn(9—n)—4 > 0, 


a contradiction. 


§4. Pair Sum Labeling on Standard Graphs 


Theorem 4.1 Any ladder Ly, is a pair sum graph. 


Proof Let V(Ln) = {ui,vi:1<i<n} and E(L,) = {uj : 1 <i<n}u {usuiga, viviqt : 
1l<i<n-I}. 
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Case 1 nis odd. 


Let n = 2m+1. Define f: V(Ln) — {4 1,+ 2,...,4 (4m+ 2)} by 
f (uj) = —4(m + 1) + 24, l<i<m, 
f(Um+1) = —(2m + 1), 
f(Um414i) = 2m + 2% + 2, 1l<i<m, 
f(u;) = —4m — 3 + 23, 1l<i<m, 
f(um4i) = 2m+4+2 
f(Um414i) = 2m + 21+ 1, l<i<m 


Case 2 nis even. 


Let n = 2m. Define f : V(L,) > {4 1,+ 2,...,4 (4m+ 2)} by 
f(Um41-i) = —2%, 1l<i<m, 
f(Um+i) = 2i- 1, 1l<i<m, 
f(um+i) = 21, 1 < as ) 
f(Um4i-i) = —(22-1), 1l<i<m 


Then obviously f is a pair sum labeling. 


Notation 4.2 We denote the vertices and edges of the Quadrilateral Snake Q,, as follows: 
V(Qn) = {ui,0j;,wjy:1<i<ntli<j<n} 
E(Qn) = {uivi, UjWi, UsUi41, UWi41Wi : 1 < a < n}. 


Theorem 4.3 The quadrilateral snake Q, is a pair sum graph if n is odd. 


Proof Let n = 2m+1. Define f: V(G) — {4 1,+ 2,...,4 (6m+ 4)} by 
f(us) = —3n + 31 — 4, 1<i<m+4l, 
f(Um+i) = 3n — 31 +4, 1l<i<m#dl, 
f(u;) = —3n + 31 - 3, Ll<i<m4l, 
f(Um+14i) = 8n — 314 3, 1l<i<m, 
f(w;) = —3n + 31 — 2, l<i<m, 
f(Wm41) = 3, 
f(Wm+i41) = 3n — 304 2, 1<i<m, 


Then f is a pair sum labeling. 


Example 4.4 A pair sum labeling of Q5 is shown in the following figure. 
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—15 —14 —12 —11 —9 3 15 14 12 11 


—16 —13 —10 16 13 10 


Notation 4.5 We denote the vertices and edges of the triangular snake T;, as follows: 
Vila) Hee La een Ll Pe ap, 
E(In) = {ustig1, Wiz, VVj41 2 1<i<n,l<j<n-If. 
Theorem 4.6 Any triangular snake T,, is a pair sum graph. 


Proof The proof is divided into three cases following. 


Case 1 n=4m-—1. 


Define 
f(ui) = 22-1, 1<i<2m, 
f(Uam4i) = -2i +1, 1<i< 2m, 
f(ui) = 2%, 1<i<2%m-1, 
f (vam) =-—8m + 3, 
f(vam+i) = —2i, 1<i<Qm-1. 
Case 2 n=4m+1. 
Define 
f(ui) = —-8m — 3+ 22-1), 1<i<2m+l1, 
f(Gam4i4i) = 8M +3 -—2(¢-1), 1<i<2m-+1, 
f(vi) = -2 + 2(¢- 1), 1<i<2m, 
f (vam41) =3, 
f(vam+i41) = 8m + 2— 2(4 = 1), 1 < a < 2m. 


Case 3 n= 2m. 
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Define 
f(Um41) =1, 
f(Um-+1+i) = 21, 1 < i< m, 
f(Um+41-i) = —21, 1 S a S ™m, 
f (Um) = 3, 
f(Um41) =—5, 
f(Um+i4i) = 5 + 2%, l<i<m-l, 
f(um—i1) = —(54+ 24), 1l<i<m-1l. 


Clearly f is a pair sum labeling. 


Example 4.7 A pair sum labeling of T7 is shown in the following figure. 


2 4 6 —13 —2 —4 —6 
1 3 5 e —1 —3 =5 -7 
Theorem 4.8 The crown Cy, © Ky is a pair sum graph. 
Proof Let C,, be the cycle given by uyzu2,...,Un,u, and let v1, v2,...,Un be the pendent 
vertices adjacent to ui, U2,...,Un respectively. 
Case 1 nis even. 
Subcase (a) n= 4m. 
Define 
f(ui) = 27-1, 1<i< 2m, 
f (Uam+i) = —-2i + ds, 1<i < 2m, 
f(ui) = 4m + (2% — 1), 1<i<2m, 
f(vam+i) = —(4m 4+ 27 — 1), 1<i< 2m, 


Subcase (b) n= 4m+2. 
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Define 
f(ui) =4, 1<i<2m+1, 
f(uam414s) = 4, 1l<i<2m-+l, 
f(ui) = 4m +i, 1<i<2m+1, 
f (vam41+i) = —(4m + i), 1<i<2Qm+1. 


obviously f is a pair sum labeling. 


Case 2 n=2m+1. 


Define 
f(u) =m-1, 
f(us) = 2m 4 2 +1, 2<i<m+H+l, 
flum+iqs) = —Qm + 21+), l<i<m, 
f(v1) = —3m + 8, 
f(vi) = fu) +1, 2<i<m+4l, 
flumsi4i) = f(Um4i4s) — 1, 1<i<m. 


Clearly f is a pair sum labeling. 
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§1. Introduction 


The study of minimal surfaces played a formative role in the development of mathematics over 
the last two centuries. Today, minimal surfaces appear in various guises in diverse areas of 
mathematics, physics, chemistry and computer graphics, but have also been used in differential 
geometry to study basic properties of immersed surfaces in contact manifolds. 

Minimal surface, such as soap film, has zero curvature at every point. It has attracted the 
attention for both mathematicians and natural scientists for different reasons. Mathematicians 
are interested in studying minimal surfaces that have certain properties, such as completed- 
ness and finite total curvature, while scientists are more inclined to periodic minimal surfaces 
observed in crystals or biosystems such as lipid bilayers. 

Weierstrass representations are very useful and suitable tools for the systematic study of 
minimal surfaces immersed in n-dimensional spaces. This subject has a long and rich history. 
It has been extensively investigated since the initial works of Weierstrass [19]. In the literature 
there exists a great number of applications of the Weierstrass representation to various domains 
of Mathematics, Physics, Chemistry and Biology. In particular in such areas as quantum field 
theory [8], statistical physics [14], chemical physics, fluid dynamics and membranes [16], minimal 
surfaces play an essential role. More recently it is worth mentioning that works by Kenmotsu 
[10], Hoffmann [9], Osserman [15], Budinich [5], Konopelchenko [6,11] and Bobenko [3, 4] have 
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made very significant contributions to constructing minimal surfaces in a systematic way and 
to understanding their intrinsic geometric properties as well as their integrable dynamics. The 
type of extension of the Weierstrass representation which has been useful in three-dimensional 
applications to multidimensional spaces will continue to generate many additional applications 
to physics and mathematics. According to [12] integrable deformations of surfaces are generated 
by the Davey—Stewartson hierarchy of 2+1 dimensional soliton equations. These deformations 
of surfaces inherit all the remarkable properties of soliton equations. Geometrically such defor- 
mations are characterized by the invariance of an infinite set of functionals over surfaces, the 
simplest being the Willmore functional. 

In this paper, we study minimal surfaces for simply connected immersed minimal surfaces 
in the special three-dimensional Kenmotsu manifold K with 7-parallel ricci tensor. We consider 


the Riemannian left invariant metric and use some results of Levi-Civita connection. 


§2. Preliminaries 


Let M?"*! (4, €,, g) be an almost contact Riemannian manifold with 1-form 7, the associated 
vector field €, (1,1)-tensor field ¢ and the associated Riemannian metric g. It is well known 
that [2] 


§ =0, n(€)=1, n(OX) =0, (2.1) 
¢ (X)=-X+ (XE, (2.2) 
g(X,€) =n(X), (2.3) 
9 (OX, OY) = g (X,Y) —n(X)n(¥), (2.4) 
for any vector fields X, Y on M. Moreover, 
(Vxd)¥ =—n(Y)o(X)-g(X,6Y)E, X,Y ex(M), (2.5) 
VxE=X— (XE, (2.6) 


where V denotes the Riemannian connection of g, then (M, ¢,£,17,g) is called an almost Ken- 
motsu manifold [2]. 
In Kenmotsu manifolds the following relations hold [2]: 


(Vx) Y =9(¢X,4Y), (2.7) 
n(R(X,Y)Z)=n(Y)9(X,Z)—-n(X)g(¥,Z), (2.8) 
R(X,Y)E=n(X)¥ —n(VY)X, (2.9) 

R(EX)¥ =n(VY)X—-g(X,Y)E, (2.10) 
R(EX)E=X—H(X)E, (2.11) 

S (6X, 6Y) = S (X,Y) + 2nn(X)7n(Y), (2.12) 
S(X,€) = —2nn (xX), (2.13) 
(VxR)(X,Y)€=g(Z,X)Y¥ —g(Z,Y)X —R(X,Y) Z, (2.14) 
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where R is the Riemannian curvature tensor and S is the Ricci tensor. In a Riemannian 


manifold we also have 
g(R(W,X)Y,2Z) + 9(R(W,X) ZY) =0, (2.15) 


for every vector fields X, Y, Z. 


§3. Special Three-Dimensional Kenmotsu Manifold K with 7-Parallel Ricci Tensor 


Definition 3.1 The Ricci tensor S of a Kenmotsu manifold is called y-parallel if it satisfies 


(Vx 5) (@Y, 62) = 0. 


The notion of Ricci 7—parallelity for Sasakian manifolds was introduced by M. Kon [13]. 
We consider the three-dimensional manifold 


K={(2,y,z) © R°: (x,y,z) 4 (0,0,0)}, 
where (x,y,z) are the standard coordinates in R°. The vector fields 


O 0 
= waa) e3 = —77°—~ (3.1) 


Ox? 


are linearly independent at each point of K. Let g be the Riemannian metric defined by 


el €2 


as 
7 Ot 


(e3, €3) = 1, (3.2) 


) = g (e2, e2) 
=9 (e1, €3) = 0. 


»€1 =9 
g (€1,€2) = 9 (e2,e3) =9 
The characterizing properties of (IK) are the following commutation relations: 
[e1,€,] =0, [e1,e3]=e1, [e2,e3] = er. (3.3) 
Let 7 be the 1-form defined by 
(Z) = g(Z,e3) for any Z € x(M). 
Let be the (1,1) tensor field defined by 
o(e1) = —e2, $(e2) =e1, O(e3) = 0. 


Then using the linearity of and g we have 


n(e3) = 1, (3.4) 
¢?(Z)=—-Z+ n(Z)es, (3.5) 
9 (04, PW) = g(Z,W) — (Z)n(W), (3.6) 


for any Z,W € x(M). Thus for eg = €, (¢,€,,g) defines an almost contact metric structure 
on M. 
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The Riemannian connection V of the metric g is given by 


2g(VxY,Z) = Xg(Y,Z)+Yq(Z,X)-— Zg(X,Y) 
—g9 (X, [Y, Z]) = (X, [X, Z)) + 9(Z, [X, Y]), 


which is known as Koszul’s formula. 


Koszul’s formula yields 


Veiei = 0, Ve,e2 =0, Ve, e3 = €1, 
Vesti = 0, Ver €2 = 0, Ver€3 = e€2, (3.7) 
Ve3€1 = 0, Ve3€2 = 0, Ve3€3 = 0. 


§4. Minimal Surfaces in the Special Three-Dimensional Kenmotsu Manifold K 


with 7-Parallel Ricci Tensor 


In this section, we obtain an integral representation formula for minimal surfaces in the special 
three-dimensional Kenmotsu manifold K with -parallel ricci tensor. 
We will denote with Q C C & R? a simply connected domain with a complex coordinate 


z=u+iv, u,v € R. Also, we will use the standard notations for complex derivatives: 
) 1/0 .¢d 0 1/0. .0d 
For X € y(K), denote by ad(X)* the adjoint operator of ad(X), i.e., it satisfies the equation 
9 ([X,Y], 2) =g(¥Y,ad(X)* (Z)), (4.2) 
for any Y, Z € x(K). Let U be the symmetric bilinear operator on .(M) defined by 
1 
U (X,Y) := 5 {ad(X)* (Y) + ad(Y)* (X)}. (4.3) 


Lemma 4.1 Let {e,,e5,e3} be the orthonormal basis for an orthonormal basis for x(IK) defined 
in (8.1). Then, 


1 
U(e1,e1) = e3, U(e1,¢e3) = Bi; 

1 
U (e€2,€2) = e3, U (e2,e3) = — 502 (4.4) 
U (e1, €2) = U (e3, 3) = 0. 


Proof Using (4.2) and (4.3), we have 


2g U(X, Y),Z) =g([X,Z],Y) +9 (IY, 2], X). 


Thus, direct computations lead to the table of U above. Lemma 4.1 is proved. 
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Lemma 4.2(see [10]) Let D be a simply connected domain. A smooth map y : D — K is 


harmonic if and only if 
(—-*¢u),, + (Y* ee), — ad (Pu) ” (Yeu) — ad (Y"" pv)" (Pe) =9 (45) 
holds. 


Let z = u+iv. Then in terms of complex coordinates z, Z, the harmonic map equation 


(4.5) can be written as 
- (o'%) - — (o%) —2U (eB) = 0. (4.6) 
Let y~!dy = Adz + Adz. Then, (4.6) is equivalent to 
A; + A, =2U (A, A). (4.7) 
The Maurer—Cartan equation is given by 
A; — A, =[A,A]. (4.8) 
(4.7) and (4.8) can be combined to a single equation 
A: =U (4,A) +5 [4,4]. (4.9) 


(4.9) is both the integrability condition for the differential equation y~tdy = Adz + Adz 
and the condition for y to be a harmonic map. 

Let D(z, Z) be a simply connected domain and y : D —> K a smooth map. If we write 
y (z) = (2! (z), x? (z), 23 (z)) , then by direct calculation 


A — (x?)~* (aye, + r7e2 + r3e3) S (4.10) 
It follows from the harmonic map equation (4.7) that 


Theorem 4.3 y: D— K is harmonic if and only if the following equations hold: 


Geo (a | , aia) — al, + (a3)~" zx, (4.11) 
gent + ¢32?2 = (2?)~* aia? — 2a? + (a3)~" xix, (4.12) 
2 (aja; +2723) = (x?)~* aia? — 223, + (3) rin, (4.13) 
Proof From (4.10), we have 
A= (x3)~" (xze, + xze2 + res) (4.14) 


Using (4.10) and (4.14), we obtain 


U (AA) = (08) (Gated + setet) or — (Gated + S802) or 


+ (x,a; + 2227) e3]. (4.15) 
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On the other hand, we have 


Az=- (2) ~* v3 (aye + re + xe) 4 (x3)~" (azze1 + ©2,e2 + x3,e3) , (4.16) 
Az, =- (a3) ~* x (xze, + ze + ves) 4 (x3)~" (xz,e1 + @2;e2 + 3,3) . (4.17) 


By direct computation, we obtain 


Az = (- Co ase, + Cae oy) e,+ (- (x*) ji xix? + (23)~" ae) eo 
+ (— (03)? a8a3 + (23)"" 23,) es, (4.18) 
A= (- (0°)? xa! + (2°) “2 ae (- (a3) ~? o3a? + (a°)* 2) és 
+ (- (2) ~* ans + (x3)~* x3.) e3. (4.19) 


Hence, using (4.7) we obtain (4.11)-(4.13). This completes the proof of the Theorem. 


The exterior derivative d is decomposed as 


d=0+0, d= cae d= 2 (4.20) 
Oz OZ 


with respect to the conformal structure of D. Let 
g= (x3)~* edz, ge = (x?) ~* rdz, p= (x?) ~* aidz. (4.21) 


Theorem 4.4 The triplet {g', 97, 03} of (1,0)-forms satisfies the following differential system: 


do! = —23 G A+? A 9) , (4.22) 
5p? = —23 Gi Ag+ep >A ®) (4.23) 
dg? = 2x° («" Agpit+ eA ®) (4.24) 


Proof From (4.11)-(4.13), we have (4.22)-(4.24). Thus proof is complete. 


Theorem 4.5 Let {g', 07, 9°} be a solution to (4.22)-(4.24) on a simply connected coordinate 
region D. Then 


p(z,zZ) = 2ne | (2° p', 2°97, * 9°) (4.25) 


20 
is a harmonic map into K. 


Conversely, any harmonic map of D into K can be represented in this form. 


Proof By theorem 4.3, we see that y (z, Z) is a harmonic curve if and only if  (z, Z) satisfy 
(4.11)-(4.13). From (4.21), we have 
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which proves the theorem. 
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g (2,2) S 2Re | x1, x? (z, 2) =2Re [ rp, 


0 20 


(ae) = 2ne | rp, 
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Abstract: A cycle basis B of G is called a Smarandachely (k, d)-fold for integers ,d,k, d— 
k > 0 if each edge of G occurs in at least k and at most d of the cycles in B. Particularly, 
a Smarandachely (0, d)-fold basis is abbreviated to a d-fold basis. The basis number of a 
graph G is defined to be the least integer d such that G has a d-fold basis for its cycle space. 


In this work, the basis number for the wreath product of wheels with stars is investigated. 
Key Words: Wreath product, Smarandachely (k,d)-fold basis, basis number. 
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§1. Introduction 


For a given graph G,, we denote the vertex set of G by V(G) and the edge set by E(G). The set 
E of all subsets of E(G) forms an |£(G)|-dimensional vector space over Z2 with vector addition 
X@®Y =(X\Y)U(Y\X) and scalar multiplication 1. X = X and 0-X = @ forall X,Y € E. 
The cycle space, C(G), of a graph G is the vector subspace of (€, @,-) spanned by the cycles of 
G. Note that the non-zero elements of C(G) are cycles and edge disjoint union of cycles. It is 
known that for a connected graph G the dimension of the cycle space is the cyclomatic number 
or the first Betti number, dim C(G) = |E(G)| — |V(G)| +1. 

A basis B for C(G) is called a cycle basis of G. A cycle basis B of G is called a Smarandachely 
(k, d)-fold for integers ,d,k, d—k > 0 if each edge of G occurs in at least k and at most d of 
the cycles in B. Particularly, a Smarandachely (0, d)-fold basis is abbreviated to a d-fold basis. 
The basis number, b(G), of G is the least non-negative integer d such that C(G) has a d-fold 
basis. The first important use of the basis number goes bask to 1937 when MacLane proved 
the following result (see [17]): 


Theorem 1.1 (MacLane) The graph G is planar if and only if b(G) < 2. 


Later on, Schmeichel [17] proved the existence of graphs that have arbitrary large basis 
number. In fact he proved that for any integer r there exists a graph with basis greater than 
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or equal to r. Also, he proved that for n > 5, b(K,,) = 3 where K,, is the complete graph of n 
vertices. There after, Banks and Schmeichel [8] proved that b(Q,,) = 4 where Q,, is the n-cube. 
For the completeness, it should be mentioned that a basis B of the cycle space C(G) of a graph 
G is Smarandachely if each edge of G occurs in at least 2 of the cycles in B. The following 
result will be used frequently in the sequel [15]: 


Lemma 1.2 (Jaradat, et al.) Let A,B be sets of cycles of a graph G, and suppose that both 
A and B are linearly independent, and that E(A)M E(B) induces a forest in G (we allow the 
possibility that E(A)N E(B) =@). Then AUB is linearly independent. 


From 1982 more attention has given to address the problem of finding the basis number 
in graph products. In the literature there are a lot of graph products. In fact, there are 
more than 256 different kind of products, we mention out of these product the most common 
ones, The Cartesian, the direct, the strong the lexicographic, semi-composite and the wreath 
product. The first four of the above products were extensively studied by many authors, we 
refer the reader to the following articles and references cited there in: [2], [4], [5], [6], [7], [9], 
[10], [11], [13], [14], [15] and [16]. In contrast to the first four products, a very little is known 
about the basis number of the wreath products, p, of graphs. Schmeichel [18] proved that 
b(P2pNm) < 4. Ali [1] proved that b(K,pNm) < 9. Al-Qeyyam and Jaradat [3] proved that 
b(SnpPm), 0(SnpSm) <4. In this paper, we investigate the basis number of the wreath product 
of wheel graphs with stars. 

For completeness we give the definition of the following products: Let G = (V(G), E(G)) 
and H = (V(H), E(#)) be two graphs. (1) The Cartesian product GOH has the vertex set 
V(GOA) = V(G) x V(#) and the edge set E(GOA) = {(u1, v1) (ue, ve)|uru2 € E(G) and vy = 
vg, or vivo € E(HA) and wu; = ue}. (2) The Lexicographic product Gi[G2] is the graph with 
vertex set V(G[H]) = V(G) x V(H) and the edge set E(G[H]) = {(u1,u2)(v1,v2))ur = 
vy and ugv2 € E(H) or ujv, € E(G)}. (3) The wreath product GpH has the vertex set 
V(GpH) = V(G) x V(#) and the edge set E(GpH) = {(u1, v1) (ue, v2)|u1 = us and v1 v2 € 
HT, or uu € G and there is a €Aut(H) such that a(v,) = v2}. 

In the rest of this paper, we let {u1,u2,...,tn} be the vertex set of the wheel W,,(the 
star S,), with dw, (ui) =n —1 (ds, (ui) = n — 1) and {v1,v2,...,Um} be the vertex set Si, 
with dg, (v1) =m—1. Also, Ch_-1 = ugug...Unug and N,,~1 is the null graph with vertex set 


{v2,U3,---,Um}. Wherever they appear a, b,c,d and ! stand for vertices. Also, fg(e) stands for 
the number of elements of B containing the edge e, and E(B) =UcegE(C) where BC C(G). 


§2. The Basis Number of W,,pS,, 
Throughout this work, we set the following sets of cycles: 


Har = {(a, v3) (0, vi) (a, 0741) (0, Vi41)(a, v3) |2< 1,7 <m— I}, 


Ecab = {EG = (6, ¥2)(a,04)(b,Ym)(a,v441)(C,%2) |2< 5 <m—I}, 
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Gav = {9B} = (a,r1)(a, vj)(b, v2)(a, v}41)(a,r1) [25 j <m—1}, 


Weab = {(c, v1 )(¢, v2)(a, v2)(b, Um) (6, v1)(a, v1)(¢, v1)} ’ 
and 
Sab = {(4, V1) (a, V2)(b, v2)(b, v1) (a, v1)} . 


Note that Hap is the Schemeichel’s 4-fold basis of C(abpNm_1) (see Theorem 2.4 in [18]). 
Moreover, (1) if e = (a, v2)(b, Um) or e = (a, Um)(b, v2) or e = (a, v2)(b, v2) or € = (A, Um) (0, Um), 
then f7,,,(e) = 1; (2) if e = (a, v2)(b, v;) or (a, v,;)(b, v2) or (a, Um) (0, v;) or (a, v;)(b, Um), then 
frutar, (€) < 2; and (3) if e € E(abpNm_1) and it is not of the above forms, then fy,,(e) < 4. 


Lemma 2.1 Every linear combination of cycles of Ecay contains at least one edge of the form 


(b, u;)(a, Um) where 2 <i <m and at least one edge of the form (c,v2)(b,u;) where 2<i<m. 


Proof Note that E(Eca,) C {(b, Um)(a, v;), (¢, v2) (a, vs)|9 = 2,3,...,m}. Since each of 
{(b, Um) (a, v;)|9 = 2,3,...,m} and {(c, v2)(a,v;)|7 = 2,3,...,m} forms an edge set of a star 
and since any linear combination of cycles is a cycle or an edge disjoint union of cycles, any linear 
combination of cycles of E.q) must contains at least one edge of {(b, Um)(a, v;)|j = 2,3,...,m} 


and at least one edge of {(c, v2)(a, v;)|7 = 2,3,...,m}. 


Using the same argument as in Lemma 2.1, we get the following result. 


Lemma 2.2 Every linear combination of cycles of Gap contains at least one edge of the form 


(a, v1)(a,v;) where 2<i<m and at least one of the form (b, v2)(a,u;) where 2<i<m. 


We now set the following cycles: 


UY? = (1,v;)(a, v)(b, vj )(1, vy), 7 = 1,2,-..,m 
Uap a (a, v1)(a, v2)(b, Um) (b, v1)(a, v1). 


Let 
Otabe = Hoe U Gov U {US Ure} U ecba 


Lemma 2.3 QOrjape is linearly independent. 


Proof Note that Hy. is isomorphic to the Schemeichel’s 4-fold basis of bepN»—1. Thus, 
Hoe is a linearly independent set. By Lemma 3.2.3 of [3], each of G.», and Ecya is linearly 
independent. The cycle U4. contains the edge (b, v2)(c, Um) which does not occur in uo , thus 
{U) Use} is linearly independent. It is easy to see that any linear combination of cycles of 
{U) Use} contains either (b, v1)(c, v1) or (1,v1)(b, v1) and non of them occurs in any cycle of 
Hoe, thus {UY Use} U Hoc is linearly independent. By Lemma 2.1, any linear combination of 
cycles of Eva contains an edge of the form (b, v;)(@, Um) for 2<%< m which does not occur in 
any cycle of (uo, Uve}U Hoe. Thus {UD shat U Hobe U Ecba is linearly independent. Finally, by 
Lemma 2.2, any linear combination of cycles of G., contains an edge of the form (c, v1)(c, v;) 
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for 2 <%i< m which appears in no cycle of {UW , Ure} U Hoe U Ecbag. Thus Ojape is linearly 


independent. 


The coming result follows from being that 
E(Otave) — {(b, vi) (6, 09)|2 < tj < Mm} V {(b, v1)(C, v1) f 


forms and edge set of a tree and the fact that any linear combination of an independent set of 
cycles is a cycle or an edge disjoint union of cycles. 


Lemma 2.4 Any linear combination of cycles of Oiabe must contain an edge of {(b, vi)(c, v;) 


2<i,jcmpU{b, wm) ovr) 


Now, we let 


Orne = Hoe U Ger U {U? Use} and OF 4 = Olabe U Eacs. 


Figure 1: A represents the cycles of O7,., B represents the cycles of Ojapc and C' represents the 
cycles of OF a4 for m = 6. 


Remark 2.5 Let e€ FOP i) From the definitions of O7,,, Olave and OF ag and by the aid 
of Figure 1 below, one can easily see the following: 


(1) If e = (1, v1)(b, v1) or (1, v1)(c, vi)or (6, v1)(b, v2) or (c,v1)(c, v2) or (c,v1)(c, v2), then 
fox,,(€) = for.(e) = foe, ©) = 1. (2) Ife = (c¢,v1)(c,v;) such that 3 < 7 < mor 
e = (b,v1)(c, v1), then fos , (e) = for (€) = foe (e) = 2. (3) If e = (a, um)(b, v;) such that 
3<j<m-—1, then fox, (e) = 0 and fo,,,.(€) = ee (e) = 2. (4) Ife = (63) (d, v9) such 
that 3< 7 <m—1, then fox (€) = for,.(e) = 9 and foe, AG = 2. (5) If e = (a, Um) (b, Um) 
or (4, Um)(b, v2) or (C,Um)(d,v2), then fos ,(e) = Oand form. (€) - foe,_, (©) = 1. (6) If 
e = (b,v2)(c, v2), then fox (e) = 2 and fo,,,.(€) = foe,_, (©) = 3. (7) If e = (b,um)(c, v2), 
then fox ,(e) = 1,for.(e) = 2 and foe, (©) = 2. (8) If e = (b,v;)(c, v2) such that 3 < 7 < 
m—1, then fox ,(e) = 2and fo,,,.(€) = foe, ©) = 4. (9) Ife = (b,um)(c,v;) such that 
3<j<m-—1, then fos (e) = fo,.,.(e) = 2 and foe, (6) = 4. (10) If e = (b, ve)(c, vm), then 


fox,,(€) = fora. (€) = foe, AG) = 3. (10) If e = (b, v;)(c, ue) such that 2 < j,k < m and e is 
not as in (1)-(10), then fox (e) = foiw.(€) = foe. (e) <4. 


lab labed 
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The automorphism group of S,,, is isomorphic to the symmetric group on the set {v2, v3,..., 
Um} with a(v1) = v1 for any a € Aut(G). Therefore, for any two vertices u;,v; (2 < i,j < m), 
there is a € Aut(G) such that a(v;) = vj. Hence, W,pSm is decomposable into $,pSm U 
Cr—1[Nm-1] U {(u;, v1) (uy4i, v1) |2 <7 < n}U {(un, v1) (U2, v1) }. Thus 


|E(W,PSm)| = |E(SnpSm)| + (nv — 1)(m— 1)? + (n= 1) = |E(SnpSm)| + (nv — 1)(m? — 2m + 2). 


Hence, 
dimC(W,pSm) = dimC(SnpSm) + (n — 1)(m? — 2m 4 2). 


By Theorem 3.2.5 of [3], we have 


dimC(SnpSm) = (n—1)(m? — 2m +1). (1) 

Therefore, 
dimC(WnpSim) = (n — 1)(2m? — 4m + 3). (2) 
Lemma 2.6 The set O = OF igi BO etre sata a) U OF ce Ben is linearly indepen- 


dent subset of C(WrpSm). 


Proof By Lemmas 2.3, Of. .,,1, is linearly independent. Note that, OP.) ju,usus = 
Ou in_iunur U Ex; ugusun. By Lemma 2.1, any linear combination of cycles of Eususu, COn- 
tains an edge of {(us,v2)(ue,v;)|2 < 7 < m} which is not in any cycle of Ou,u,_,u,u2. Thus, 
OF un —1unusuy iS linearly independent. We now use mathematical induction on n to show that 
Us Ousuc-iasus 18 Wineatly independent. If nm = 4;-then UPS) Oud, iuansy = Oujgasigay 
And so, the result is followed from Lemma 2.3. Assume that n is greater than 3 and it 
ig-trae for less: than: qs Notes thatw es: O ig arcu cheater Was Opes tastecacy Ul Oprah oti it 
By Lemma 2.3 and the inductive step, each of Le Oa ost ies and Oujun—sun—1uy 1S lin- 
early independent. Since any linear combination of cycles of Ou,u,_.u,_1;u, Contains an edge 
of {(Un, Vi)(Un—1, 0;)|2 < 1,9 < m}U {(un, v1)(Un-1,01)} (Lemma 2.4) which does not oc- 
cur in any cycle of URPOuyu;_rusuisrs Ug Ouru;_1u;us,, 18 linearly independent. Also, since 
E(O' sus) OE (Uiz3 Ourus—rucuisi) = {(us, 01)(u1, 01), (ua, 01) (us, v2)}U{(ua, Um) (us, vi) | 2 < 
i < m} which is an edge set of a tree, O% 4,54, U (Uy23 Our ui_1uiwi+1) is linearly independent by 


Lemma 1.2. Similarly, Bh Oasys OS Ceara arses NUE (Om sal schecctisats) _ {(u1, v1) (U2, v1), 
(uz, v1)(u2, v2), (u1, 01)(Un, 01), (Un, V1) (Un, V2) } U {(tn—1; Um) (Un, V4), (uz, V2) (U2, Vi) | 2<%< 


m} which is an edge set of a tree. Thus, © is linearly independent by Lemma 1.2. 


Now, let 


Lab = Ha U Gab U Goa U Sab and Veab = Ecab U Hea U Gea U Weab- 


Theorem 2.7 For any wheel W,, of order n > 4 and star S,, of order m > 3, 


3 < b(WrpSim) < 4. 


Proof To prove the first inequality, we assume that W,pS has a 2-fold basis for n > 4 
and m > 3, say B. Since the girth of W, pS, is 3, we have 4|B] < 3|E(W,pSim)| . Hence, 
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3(n — 1)(2m? — 4m+3) < 2[(n—1)(2m? —4m+3) +nml], which implies that n(2m?—6m+3)— 
2m? +4m—3 <0. But n > 3, thus, 4(2m? — 6m +3) —2m?+4m—3< 0, that ism < 2-2. 
Therefore, m < 4. 

To prove the second inequality, it is enough to exhibit a 4-fold basis. Define B(W,,pS,,) = 
B(SnpSim) UO where B(SnpSim) = (Uy Vuisiuru;) U Luss is the cycle basis of SppSm (The- 
orem 3.2.5 of [3]). By Lemma 2.6 © is linearly independent. Since 


E(B(SnpSm)) 0 E(O) = E((Nn-10Sm) U (SnO01)) (3) 


which is an edge set of a tree, B(W,,pS,,) is linearly independent by Lemma 1.2. Note that, 


[Has] = (m — 2)? and |Gea| = |Ectal = (mm — 2). (4) 
Thus by (4), 
[eisnrere| = |Ora0 | = |Hav| ale \Goa| +2 
(m — 2)? + (m—2)+2 
= m’?—3m+4, (5) 
and so 
arene eran = |Orade| = |Ojan| + |Ecbal 
m? —3m+4+(m-—2) 
= m?—2%m+42, (6) 
(Ceara ee = |O® jabeal = |Olabe| + |Eaca| 
= m’?—-2m+2+(m-—2) 
= m—m. (7) 
Hence (5), (6) and (7), imply 
n-1 
|O| — PO Seana Tv b> Loner ererey| SIF IOs eiesiaas 
i=3 
= m*—3m 4+(n 3)(m? 2m + 2)+m? m 
= (n—1)(m? —2m+42). (8) 
Thus (1), (2) and (8), give 


= (n—1)(m? —2m+1)+(n—1)(m? — 2m+2). 
= (n—1)(2m? —4m+3) 
= dimC(WppSim) 
Therefore, B(W;,Sm) forms a basis for C(W;,pSm). To this end, we show that fgw,,ps,,)(€) < 4 


for each edge e € E(W,,pSi,,). To do that we count the number of cycles of B(W,pSim) that 
contain the edge e. To this end, and according to (3) we split our work into two cases. 
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Case 1. e € E(WrpSm) — E((Nn-10$m) U ($,001)). 


Then we have the following: 


Subcase 1.1. e € E(ugu3pSm) — (E(SnpSm)U E(Cy,-10v1)). Then e occurs only in cycles 
of O® U O* U Ourususus- By the help of Remark 2.5, we have the follow- 


U1 Un—1Un U2U3 U1 U2 UZ 
(e)+ 
foe 


ing: (1) Ife = (ug, v2)(u2,v;) such that 2< 7 < m—1, then fiw, ps,,)(€) = FOF, scan 
en (e) < 2+2. (2) If e = (uz, v2)(u2,Um), then faiw,ps,)(e) = fox (e) + 
if OG nice oor foe, (e) <14+1+2. (8) Ife = (ua, vm) (us, v;) such that 3< 7 <m, 


uyugug 
n—1U¥UnU¥2ug 
then f(Wyp5m)(€) = fox (€) + fOursugugug(€) S 1+14 2. (4) Ife = (ue, v;)(us,v%) such 
(e) <4. 


ULUQUZ 


that 2 < j,k < m and e is not as in in (1) or (2) or (3), then fgrw,.s,,)(€) = fo: 


U1UQu3 


Subcase 1.2. e € E(ujujpSm) — (E(SnpSm) U E(Cy-10v1)) such that 3 < j < n—-2. 
Then e occurs only in cycles of Ou,uj;_yuiuis1 U Ouru; By the help of Remark 3.5, we 
have the following: (1) If e = (ui, um)(ui+1, vj) such that 2 < 7 < m, then fgvw,.ps,,)(€) = 
fOuyugyuguigs (©) + FOusupusgreigs (€C) S242. (2) Ife = (ui, vj)(uiti, v4) such that 2 < j,k <m 
and e is not as in (1), then fp(W,psmn)(€) = fOuyuy_yujussy (€) S 4 


Uit1Ui+2° 


Subcase 1.3. e € E(Un—-1UnpSm) — (E(SnpSm) U E(C,-10v1)). Then e occurs only in cycles 
Of Ousun—2un—1un U OP u, sunusug: By the help of Remark 3.5, we have the following: (1) 
If € = (Un—1,Um)(Un,vj) such that 2 < 7 < m, then fa wwpsn)(€) = fOxja; yujuiyy (©) + 
fo® vumupus (e) < 242. (2) Ife = (ui, v;)(uigi, ve) Such that 2 < j,k <m and e is not as in 
(1), then Fsqvpsn)(€) = FOuges-suynsy, (6) $4 

Subcase 1.4. e € E(unw2pSm) — (E(SnpSm) U E(Cn—10v1)). Then e occur only in cycles of 
of . By Remark 2.5, fa(wypsm)(€) = foe (e) <4. 


U1 Un—1UnU2U3 UjtUn—1UnUQug 


Subcase 1.5. e € C,_10v;. By Remark 2.5, we have the following: (1) If e = (ug, v1)(u3, v1), 
then f8(Wn pSm)(€) = fo (e) = 2: (2) Ife = (ts, U1) (Ui41, U1) such that 3 < a < n— 1, 


uyugus 
then fg(wW,pSm)(€) = LOrictonn Ne) = 2. (3) If e = (u2,v1)(Un, v1), then few, ps,)(€) = 


foe (e) =32: 


ULUn—1UnUQUZg 


Subcase 1.6. e € (SnpSm) — E((Nivis,—{u1})| Sm) U (SnOv1)). Then e occurs only in cycles 
of B(SnpSm). Thus by Theorem 3.2.5 of [3], fa(wapsm)(€) < fB(SnpSm) < 4: 


Case 2. €€ E(Nv(s, fur})| Sim) U (SpOv1)). 


Then by the aid of Remark 2.5 and Theorem 3.2.5 of [3] we have the following. 


Subcase 2.1. e € UL, (ui0S,,). 


Then e occurs only in cycles of Ouyuj_ruiui+1B(SnpSm). Thus, fg (Wp) (©) = fOuyuy_yujuj py (+ 
FB(Sip8in) 2 t 2 
Subcase 2.2. e € (u3S;,). Then e occurs only in cycles of Of, u51, U B(SnpSm). Thus, 
f8(WnpSm)(€) = FO, uu, (©) + fB(SnpSm) S 2+ 2. 
Subcase 2.3. ¢ € (u2S,,). Then e occurs only in cycles of OP su, usu; UB(SnpSm). Thus, 
f8(WnoSm)(€) = F029. upuyug (©) + FB(Sn0Sm) <2 + 2. 


Subcase 2.4. e € S,Qvu;. Then we have the following: (1) If e = (u1,v1)(ua,v1), then 


fB(WnpSm)(€) = fo 
fO8. sunugus 
then fa(waeSn)€) = fOujuj-saiuias (6) + fOuyujusereiae ©) + fa(sno8n) S 14142. (A) If 
€ = (u1,V1)(Un, v1), then fg(W,.p5in)(€) = fOus un gun run (€) + foe 
14141. 
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COEF Or ateatetes +f8(Sn Sm) (2) Ife= (ui, v1) (us, V1), then fox (e)+ 


UL UQuZ 


(e) + SB(SnpSm) <14+142. (3) Ife= (ui, U1) (ui, V1) such that 3 <i<n-— 1, 


* 
UL UQUZ 


(€) + fB(Spp5m) < 


UL Un —1UnUQUg 
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Abstract: Let G = (V,E) be a graph. Then the semitotal-point graph is denoted by 
T2(G). Let the vertices and edges of G be the elements of G. An entire dominating set X of 
a graph T2(G) is an entire semitotal-point (ESP) dominating set if every element not in X is 
either adjacent or incident to at least one element in X. An entire ESP domination number 
Etp(G) of G is the minimum cardinality of an ESP dominating set of G. In this paper many 
bounds on ¢4p)(G) are obtained in terms of elements of G. Also its relationship with other 


domination parameters are investigated. 


Key Words: Smarandachely total graph, domination, entire domination, entire semitotal- 


point domination numbers. 


AMS(2010): 05C69 


§1. Introduction 


The graphs considered here are finite, nontrivial, undirected, connected, without loops or mul- 
tiple edges. The vertices and edges of a graph G are called the elements of G. In a graph G if 
deg(v) = 1, then v is called a pendant vertex of G. A dominating set X of a graph G is called 
an entire dominating set of G, if every element not in X is either adjacent or incident to at 
least one element in X. The entire domination number ¢(G) of G is the minimum cardinality 
of an entire dominating set of G. For an early survey on entire domination number,refer[5].For 
undefined terms or notations in this paper may be found in Harary [3]. 

Let D be a minimum dominating set in G = (V, E). If V — D contains a dominating set 
D' of G then D’ is called an inverse dominating set with respect to D. The inverse domination 
number y~*(G) of G is the cardinality of a smallest inverse dominating set of G. 

Let S be the set of elements of a graph G and X be the minimum entire dominating set of 
G. If S—X contains an entire dominating set say X’ then X’ is called inverse entire dominating 
set of G with respect to X. The inverse entire domination number e~'(G) of G is the minimum 
number of elements in an inverse entire dominating set of G. 

A dominating set D of a graph G, is a split dominating set, if the induced subgraph (V — D) 
"1 Supported by the University Grants Commission, New Delhi,India-No.F.4-3/2006(BSR)/7-101/2007(BSR), 


dated: September 2009 and No.F.FIP/11*” Plan/KAKA047TF02, dated: October 8, 2009. 
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is disconnected. The split domination number 75(G) of G is the minimum cardinality of a split 
dominating set [6]. 

A dominating set D of a graph G, is a nonsplit dominating set, if the induced subgraph 
(V — D) is connected. The nonsplit domination number yns(G) of G is the minimum cardinality 
of a nonsplit dominating set [7]. 

A dominating set D of a graph G, is a connected dominating set, if the induced subgraph 
(D) is connected. The connected domination number y-(G) of G, is the minimum cardinality 
of a connected dominating set [10]. 

A set D of vertices of a graph G is a maximal dominating set of G, if D is a dominating 

set and V — D is not a dominating set. The maximal domination number ym(G) of G, is the 
minimum cardinality of a maximal dominating set [8]. 
Let G = (V, E) be a graph and W = W,; UW? with W, Cc V and W2 Cc E. The Smarandachely 
total graph Ty, ,w.(G) is defined to be a graph G* = (V*, E*), where V* = VU E and two 
vertices are adjacent in G* if and only if they are adjacent in or incident W in W. Particularly, 
if W, = V and W2 = E, such a Smarandachely total graph Ty, 7(G) is called the semitotal-point 
graph, denoted by To(G). 

For any graph G = (V, E), the semitotal-point graph T2(G) is the graph whose vertex set 
is the union of vertices and edges in which two vertices are adjacent if and only if they are 
adjacent vertices of G or one is a vertex and other is an edge of G incident with it [9]. 

An entire dominating set X of a graph T>(G) is an entire semitotal-point(ESP) dominating 
set if every element not in X is either adjacent or incident to at least one element in X. An 
ESP domination number é;)(G) of G is the minimum cardinality of an ESP dominating set of 
G. 

In this paper, we have initiated a study on an entire domination on semitotal-point graphs 
and expressed the results in terms of elements of G and other different domination parameters 
of G. 

The following figure shows the formation of e(G) and e¢,(G). 


1 


T2(G) ‘ 


Figure 1 


In Figure 1, V(G) = p = 4 and E(G) =q =4. In T2(G), V(2(G)) = p+qand E(T2(G)) = 
3q. X = {2,c} or {4,a} etc. X’ = {2, €12,4,3} ete. e(G) = |X| = 2, et)(G) = |X’| =4 =p. 
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§2. Preliminary Results 


We need the following theorems for our further results. 


Theorem A((5]) For any connected graph G of order p, e(G) < [I and the equality is holds 
for G= Ky. 


Theorem B((4]) For any connected graph G of order p, y(G) > [ ], where A(G) is 


ae 
A(G) +1 
the maximum degree of G. 


Theorem C(([2]) For any tree T, yp(T) > y(T). 


Theorem D((6]) For any graph G with an pendant vertex, y(G) = 7s5(G). 


Theorem E((10]) JfT is a tree with p > 3 vertices, then y-(T) = p—e, where e is the number 


of pendant vertices in a tree. 


Theorem F((1]) Let G be a (p,q) graph with edge domination number y'(G). Then y'(G) < 
Pp 

ew . 

Proposition 1 For any graph G, y(G) < «(G). 

Proposition 2 If G=K,; p > 2 vertices. then étp(Kp) = p. 


Observation. In this paper, y(T2(G)) and 7%4)(G) both denote the domination number of the 
semitotal-point graph T>(G). 


§3. Main Results 


Theorem 3.1 For any graph G of order p, €tp(G) = p. 
Proof Let G be a (p,q) graph. We consider the following cases. 


Case 1 When q < p. Let X = {v1, v2.--+ , ux} be the set of vertices in T2(G) and by definition, 
V(T2(G)) =p+q. By Theorem A, 


ptr4q 
Etp(G) S evans | <p. 
Let F = {v1,v2,-++,Um} be the maximum independent set of T2(G). Since every maximum 
independent set is a minimal dominating set, therefore y(T2(G)) < 244. Let {e1,e2,--- ,eq} 


be the set of edge vertices in T2(G). Let F’ = {e/,e5,--- ,e),} be the edge subset of E(T2(G)) 
such that no edge in F” is incident with a vertex in F. By Theorem F, |F’| = | 244. Clearly 
F UF" is an entire dominating set of T2(G). 

Therefore, €1,(G) < |F UF"| = 244 + |PF4| > p. 

Thus from the above two results we get €ip(G) = p. 


Case 2 When q > p, then G must be either K, or Kp — x;, where x;; 1 > 1 denotes the edges 
of Kp. Suppose G = Kp, then by Proposition 2, the result follows. If G # K, and q > p, then 
by Case 1, €4)(G) = p. Hence the result. 
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Theorem 3.2 For any graph G, e(G) < é1p(G). 


Proof Let D and D’ be minimal entire dominating sets of G and T2(G) respectively. By 
Theorem 3.1, €ip(G) = p and by Theorem A, we have ¢(G) < (51. Hence from these two results 


we get the required result. 


Theorem 3.3 For any (p,q) graph G with maximum degree A, 


ptrq 


— < ¢ 
DA(G) +1 = S() 
P Pp Prd 
roof By Theorem B, we have 7(G) > nG@yaa Therefore, yp)(G) > TAG a5 il 
Since Vip(G) < €tp(G), therefore e,,(G) > Paces 
Corollary 3.3.1 For any (p,q) graph G, 
Pp 
Aaya < (©). 


In the following theorem we obtain the relation between €,,)(G) and 7s(G). 


Theorem 3.4 For any graph G with a pendant vertex, ys(G) < €tp(G) and the equality holds 
for G= Ky with p> 2 vertices. 


Proof For any graph G, we have 7(G) < ¢(G) and also by Theorem 3.2, y(G) < e(G) < 
€tp(G). Therefore by from Theorem D, we get ys(G) < €tp(G). 
Since y.(,) = p, therefore by Theorem 3.1, the equality follows. 


The next result relates €4,(G) with 6o(G). 


Theorem 3.5 For any graph G 4 K, and tree T with p > 3 vertices, 289 < €tp(G), where Go 


is the vertex independence number of G. 


Proof Let B be the independent set of G which is also a dominating set of G. Then 


V(G) < |B| < §. Now 269(G) = 2|B| < 24 = p. Also by using Theorem 3.1, we get the 


required result. 


Theorem 3.6 For any graph G with A(G) < p—1, 


WG) + Bo(G) 


5 < €up(G) < ¥(G) + Po(G) +1. 


Proof By Theorem 3.1, we have ¢,(G) = p. Also for any graph G without isolated vertices 
we have 7(G) < & and 69(G) < 4%. Therefore from these the lower bound is attained. The 


= = 2 
upper bound is obvious. 


In the following result we establish the relation between ¢,)(G) and diameter of G. 
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Theorem 3.7 For any graph G, 


diam(G) +1 


3 = Etp(G), 


where diam(G) is the diameter of G. 


Proof In [4], we have p Homa) < 7(G) and by Proposition 1 and Theorem 3.2, the 


result follows. 


Next we obtain the relation between €,(G), ao(G) and (o(G). 


Theorem 3.8 For any graph G, €ip(G) = ao(G) + 8o(G). 


Proof The result follows from Theorem 3.1, also by the fact that ao(G) + Go(G) = p. 


The immediate consequence of the above theorem is the following result. 


Theorem 3.9 For any graph G, €tp(G) = ai(G) + i(G), where a, and (3 denote the edge 


covering number and edge independence number of G. 


Theorem 3.10 Jf a graph G and its complement G are connected, then, Etp(G) = p. 


Proof Let G with its complement G be connected. Then the proof follows by that of 
Theorem 3.1. 


The next result gives the relation between y.(T) and eyp(T). 


Theorem 3.11 For any non trivial tree T, €t)(T) = yc(L) +e, where e is the number of pendant 


vertices in T. 


Proof Let G be any non trivial tree T. Then by Theorem E, y.(T) = p— e. Substituting 


for y-(T) in the required result, the result follows. 


The next result gives the relation between 7,,(G) and ézp(G). 


Theorem 3.12 For any connected graph G of order > 2, Ym(G) < €tp(G). Furthermore, the 
equality holds for G = Ky. 


Proof Let G be a (p,q) graph G which is not K,. Let D be a maximal dominating set 
of G. Then V — D contains at least one vertex v; which does not form a dominating set of G. 
Hence |V — D| < |V(G)|. Thus by Theorem 3.1, ym(G) < €tp(G). 

For the equality, suppose G = K,, then ym(K,p) = p. Hence by Theorem 3.1, we get 
Ym(G) = Etp(G). 
Theorem 3.13 For any graph G, e~'(G) < €1p(G). 


Proof Since every inverse entire dominating set is an entire dominating set, therefore 
e(G) < e~!(G). By Proposition 1 and Theorem 3.2, we have e~!(G) < €tp(G). 


In the next theorem we establish the relation between yns(G) and €1)(G). 


Theorem 3.14 Let D be a Yns- set of a connected graph G. If no two vertices in V — D are 
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adjacent to a common verter in D, then Yns(G) + €(T) < etp(G), where €(T) is the maximum 


number of pendant vertices in any spanning tree T of G. 


Proof Let G be a graph such that no two vertices in V — D are adjacent to a common 
vertex in D. By Theorem 3.1, we have ey)(G) = p. 

Let D be a Yns-set of G. Since for any two vertices u,v € V — D, there exist no vertices 
uz, U1 € D such that wu, is adjacent to u but not v and vy is adjacent to v but not to u,;. This 
implies that there exist a spanning tree T of (V — D) in which each vertex of V — D is adjacent 
to a vertex of D. This shows that €() > |V — D]. 

Thus from above two results we get that yns(G) + €(T) < erp(G) . 


The next theorem gives the relation between €4,(G) and y~'(G). 


Theorem 3.15 Let T be a tree with every nonpendant vertex adjacent to at least one pendant 
vertex. Then y(T) +y~\(L) = €tp(T). 


Proof Let T be a tree with every nonpendant vertex is adjacent to at least one pendant 
vertex. If every nonpendant vertex is adjacent to at least two pendant vertices, then the set 
of all nonpendant vertices is a minimum dominating set and the set of all pendant vertices is 
a minimum inverse dominating dominating set. Suppose there are nonpendant vertices which 
are adjacent to exactly one pendant vertex. Let D and D’ denote the minimum dominating 
and inverse dominating sets respectively. Let wu be a nonpendant vertex adjacent to exactly one 
pendant vertex v. If u€ D then v € D’ and if u € D’ then v € D. Therefore |D| + |D’| = p. 
Also by Theorem 3.1, €z)(T’) = p. Thus 7(T) + y71(T) = €p(T). 


Next, we establish Nordhaus-Gaddum type results. 


Theorem 3.16 For any (p,q) graph G, 


(2) €tp(G) + €tp(G) < 2p; 
(ii) Etp(G)etp(G) < p?. 


Furthermore, the equality holds for G = Cs or Py. 


Proof From Theorems 3.1 and 3.10, this result follows. 
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Abstract: Let G = (V, £) bea graph. A subset S of V is called an equivalence set if every 
component of the induced subgraph (S) is complete. If further at least one component of 
(V — S) is not complete, then S is called a Smarandachely equivalence set. Let k be any 
nonnegative integer. An equivalence set S' C V is called a k-equivalence set if A((S)) < k. 
A k-equivalence set which dominates G is called a k-equivalence dominating set of G. In this 
paper we introduce some parameters using the just defined notion and discuss their relations 


with other graph theoretic parameters. 


Key Words: Domination, irredundance, Smarandachely equivalence set, k-equivalence 


set, k-equivalence domination, k-equivalence irredundance. 
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In this paper we consider only finite undirected simple graphs. For graph theoretic terminology 
we rely on [5]. Throughout this article, let G be a graph with vertex set V and edge set E. 

One of the dominant areas in graph theory is the study of domination and related notions 
such as independence, irredundance, covering and matching. (In this connection see [9-10].) 

Let v € V. The open neighbourhood of v denoted by N(v) and the closed neighbourhood 
of v denoted by N{v] are defined by N(v) = {u € V: uv © E} and Nv] = N(v) U {vu}. A 
subset S of V is said to be an independent set if no two vertices in S are adjacent. A subset S 
of V is called a dominating set of G if every vertex in V — S is adjacent to at least one vertex 
in S. The cardinality of a minimum dominating set is called the domination number and it is 
denoted by y(G). 

There are many variations of domination in graphs. In the book by Haynes et al. [9] it is 
proposed that a type of domination is “fundamental” if every connected nontrivial graph has 
a dominating set of this type and this type of dominating set S is defined in terms of some 
“natural” property of the subgraph induced by S. Examples include total domination, inde- 
pendent domination, connected domination and paired domination. In this paper we introduce 
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the concept of k-equivalence domination, which is a fundamental concept in the above sense. 

An equivalence graph is a vertex disjoint union of complete graphs. An equivalence covering 
of a G is a family of equivalence subgraphs of G such that every edge of G is an edge of at 
least one member of the family. The equivalence covering number of G is the cardinality of 
a minimum equivalence covering of G. The equivalence covering number was first studied in 
[6]. Interesting bounds for the equivalence covering number in terms of maximal degree of the 
complement were obtained in [2]. The computation of the equivalence covering number of split 
graphs was considered in [4]. 

An important concept which uses equivalence graph is subcoloring studied in [1,8,11]. A 
subcoloring of G is a partition of its vertex set into subsets X,, X2,..., Xx, where for each i < k 
the induced subgraph (X;) is an equivalence graph. The order of a minimum subcoloring is 
called the subchromatic number of G. The notion of subchromatic number is a natural gener- 
alization of the well studied chromatic number since for any independent set S, the induced 
subgraph (S) is trivially an equivalence graph. 

The concept of equivalence graph also arises naturally in the study of domination in claw- 
free graphs, as shown by the following theorem proved in [7]. 


Theorem 1([7]) Any minimal dominating set of a K1,3-free graph is a collection of disjoint 


complete subgraphs. 


Motivated by these observations, we have introduced the concept of equivalence set and 


equivalence domination number in [3]. 


Definition 2 A subset S of V is called an equivalence set if every component of the induced 
subgraph (S) is complete. A dominating set of G which is also an equivalence set is called an 
equivalence dominating set of G. The equivalence domination number ye(G) is defined to be 
the cardinality of a minimum equivalence dominating set of G. An equivalence set S is called a 
Smarandachely equivalence set if at least one component of (V — S) is not complete. 


In this paper we introduce the concept of k-equivalence set and several parameters using 
this concept and investigate their relation with the six basic parameters of the domination 
chain. (For details see [9, §3.5].) 


Definition 3 Let k be any nonnegative integer. A subset S of V is called a k-equivalence set 
if every component of the induced subgraph (S') is complete—i.e., if S is an equivalence set of 
G—and A((S)) < k. 


The concept of k-equivalence set is a natural generalization of the concept of independence, 
since every independent set is obviously 0-equivalence set. Also every (kK — 1)-equivalence set is 
a k-equivalence set and k-equivalence is a hereditary property. Hence a k-equivalence set S is 
a maximal k-equivalence set if and only if S'U {v} is not a k-equivalence set for all vu EV —S. 
Thus a k-equivalence set S C V is maximal if and only if for every v € V — S, there exists a 
clique C in (S$) such that v is adjacent to a vertex in C and v is not adjacent to a vertex in 


C or there exist two cliques C) and C2 in (S) such that v is adjacent to a vertex in C; and to 
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a vertex in C2 or there exists a clique C in (S) such that |C| = & +1 and v is adjacent to all 


vertices in C. 


Definition 4 The k-equivalence number B*(G) and the lower k-equivalence number i*(G) are 
defined as follows. 


BE(G) = max{|S|: S is a maximal k-equivalence set of G} and 


e 


ik 


i2(G) = min{|S|: S is a maximal k-equivalence set of G}. 


Clearly if(G) < 63(G) and 6o(G) < 62(G). 


Definition 5 A dominating set S of V which is also a k-equivalence set is called a k-equivalence 
dominating set of G. The k-equivalence domination number y*(G) and the upper k-equivalence 


domination number TE(G) are defined by 


y*(G) = min{|$|: S$ is a minimal k-equivalence dominating set of G} and 
T*(G) = max{|S|: S$ is a minimal k-equivalence dominating set of G}. 


Since every maximal k-equivalence set is a dominating set of G and every maximal inde- 
pendent set is a minimal k-equivalence dominating set, the parameters y*(G) and [*(G) fit 
into the domination chain, thus leading to the following extended domination chain: ir(G) < 
W(G) < V8(G) < UG) < Bo(G) <TH(G) <T(G) < IR(G). 


Definition 6 An irredundant set which is also a k-equivalence set is called a k-equivalence 


k 
e 


irredundant set. The k-equivalence irredundance number irS(G) and the upper k-equivalence 
irredundance number IRE(G) are defined by 


k 


iré(G) = min{|Z|: I is a maximal k-equivalence irredundant set of G} and 


IR*(G) = max{|I| : I is a mazimal k-equivalence irredundant set of G}. 


Remark 7 Let S be a minimal k-equivalence dominating set of G. Since S is a minimal 
dominating set, it is a maximal irredundant set. Thus S' is a maximal k-equivalence irredundant 
set of G. Thus we have the following: Any minimal k-equivalence dominating set is a maximal 


k-equivalence irredundant set. 


For any G, we have ir¢(G) < 72(G) < Te(G) < IRE(G) and irf(G) < 72(G) < 1(G) < 
63 (G). 


Lemma 8 If D is a minimal k-equivalence dominating set of G, then D is both a minimal 


dominating set and a minimal (k + 1)-equivalence dominating set of G. 


Proof Assume that D is a minimal k-equivalence dominating set of G, and let x € D. Then 
D — {x} is not a k-equivalence dominating set and A((D — {a})) < A((D)) < k. Therefore D 


is a minimal dominating set of G and D is a (k + 1)-equivalence set. 


Corollary 9 For every nonnegative integer k, yE+1(G) < y8(G) and TE(G) < T**1(G). 
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The proof of the next result is similar to that of Theorem 3.2 in [3). 


Theorem 10 For any graph G, y(G) < 2irk(G). 


Proof Let I = {x1,22,...,2,~} be an irk-set of G. Let y; be a private neighbor of x; with 
respect to I and let A = IU {y1, yo,..-, yx}. If there exists a vertex « in V — A such that 
N(x) (V — A) =9, then B = IU {x} is an k-equivalence set of G and z is an isolated vertex 
in (B). Further for each i, y; is a private neighbor of x; with respect to B; therefore B is a 
k-equivalence irredundant set— a contradiction. Whence A is a dominating set of G; therefore 
o(G) < 2irk(@). 


Let & be any integer > 2. Consider the graphs H,, H2 displayed in Figure 1 and Figure 2 
respectively. Obviously ir*(H,) = 4 and y(Hi) = 5. Since {a,b,c} is a maximal equivalence 
irredundant set in Hz, ir*(H2) = 3. Since {a,e, f,g} is a maximal irredundant set in Ho, 
ir(H2) = 4. Now for the graph H3 = P302K1, we have ir(H3) = 3, ir*(H3) > 4 and y(H3) = 3. 
From these information, it is clear that the parameters ir and ir® and the parameters y and ir* 
are not comparable. It is not difficult to show that the just mentioned statement holds when 
k<1. 


A, 
Figure 1 Figure 2 


For the complete bipartite graph Hy = K2,,r > 3, we have i*(H4) = 2 and @o(H4) = 
Tk(H4) = T(A4) = IRE(Ay) = B8(Ha) = r. Also ik(Kyn) = B*(Kn) = k +1 < n whereas 
i(Kn) = Bo(Kn) =T*(K,) =T(Kn) = [Re(Kn) = 1R(Kn) = 1. Further i(K, 0 2K1) =2n—1 
and i*(K,02K1) = 2n—(k+1). Hence i, is not comparable with any of R, 1R*,T,T*,i(G) and 
Qo. For the graph Hs obtained from K44,40K1, by adding edges in such a way that the subgraph 
induced by the set of all pendant vertices of the latter is a cycle, we have (Hs) = IR(H5) = 12 
and 3"(Hs) < 12. Thus @* is not comparable with JR and I. 


Let Hg be the graph obtained from the path Ps := (a1, a2, 43, @4, a5, 4g) and the complete 
graph Kg with V(K6) = {b1, ba, bs, b4, bs, bg} by adding the edges a1b1, agb2, aabs, a5bs and agbe. 
At least one vertex of V(Ag) belongs to every dominating set of Hg whence I'(H¢) = 4. Since 
{b1, be, ba, bs, bg} is an equivalence irredundant set of Hg, [Rk(H¢) > T'(He), when k > 4. It is 
not difficult to show that the just mentioned statement holds when & < 3. Also for the graph 
Hz = CsOKo, we have ['(H7) = 5 and IR*(H7) = 4. Thus and I R* are not comparable. 


The following Hasse diagram summarizes the relationship between the various parameters 
for the graph G. 
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6(G) 


(GJ 
wee 


ir§(G) 
Figure 3. Relationship between parameters 
Remark 11 It is easy to show that y*(G) < i(G) < |V(G)| — A(G). 
Proposition 12 If G is connected, then 
v(G) <n ee + 2 


Proof Consider an arbitrary induced path P of length diam(G) in a connected graph G. 
Every interior vertex in diametrical path dominates at least 3 vertices in G and also there exists 
maximal k-equivalence set in (V — P). Therefore 


(GS diam) 41) jae Shy | F(aiam(G) bs | . 


Also this bound is sharp when G & P,,, where n = 2 (mod 3). 


Theorem 13 Jf A(G) > 3 and k is an integer such that 0 < k < A—3, then y*(G) < 
(A —k—-1)%e(G) — (K+ 1)(A-—k —- 2). 


Proof Let D be a y.-set of G. If D is k-equivalence set, then y*(G) = y-(G). Assume 
A((D)) > k +1. Let « € D such that deg,p)(x) > k +1 and let Q = N(x) N(V — D). Let P 
be the set of all private neighbors of x with respect to D. Clearly P £0. Let R be a minimum 
k-equivalence dominating set of (P) and let D’ = (D— {x})UR. Now |R| < |Q| < A-(k+1). 
It follows that the set D’ is an equivalence dominating set of G and (D’) has fewer vertices of 
degree at least k + 1 than (D). Let E be a minimal equivalence dominating set of G such that 
ECD’. Then 


|E| < |D’| =|D| -1+|R| =>7(G) -—14+|R| <7 (G) + A-—k—-2. 


Continue to repeat the above process until no more vertices of degree larger than k exist 
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in the resultant set. (Note that the number of such repetitions is at most |D| —(k+1).) Hence 


Ie(G) < |D| < ye(G) + (|D| — (k + 1))(A — k — 2) 
= (A—k-1)ye(G) — (kK + 1)(A-k- 2). 


The above bound is attained when G = K3 0 2K). Here y.(G) = 72(G) = 3, 72(G) = 4. 


Theorem 14 [fk is an integer such that 0 < k < w —3, then y¥(G) < (45%) 1G). 


Proof Let D be a y**1-set of G. If D is k-equivalence set, then y*(G) = y£+1(G). Let k 
be any nonnegative integer not more than w — 3. Suppose D is not a k-equivalence set. Let X 
be a subset of D such that for all x, deg;p) (x) = k + 1 and let Y be a minimum independent 
set of (X). Since every vertex of X — Y has at least one of its (k +1) neighbors in Y, D—Y 
is a k-equivalence set. Note that there are |Y|(k + 1) edges between Y and D — Y. Since D is 
(k + 1)-equivalence set, |Y|(k +1) <|D—Y|(k +1). Thus |Y| < $|D]. 

Let P be the set of all private neighbors of Y with respect to D and R be a minimum 
k-equivalence dominating set of (P). Then R dominates P and D—Y dominates V — P. 
Therefore RU(D—Y) is a k-equivalence dominating set and there are no edges between D—Y 
and R. Since |R| < |P| < |Y|(w — k—1), we obtain 


ye(G) < |D| — |¥| +R] <|D| -1¥|+|¥l@—k&-1) =|D| +|¥|w—k- 2) 


<[D)+ Fhe k-2) = (F*) ae). 


Theorem 15 If y¥(G) > 2, then m < [$(n—78(G))(n — 7&(G) +.2)|, where n and m are 
respectively, the order and the size of the graph G. 


Proof We prove this result by induction on number of vertices. We can assume that n > 2 
for otherwise the proof is obvious; we can also assume that the result holds for any graph whose 
order is less than n. If y*(G) = 2, then also the conclusion holds. So assume that 7*(G) > 3. 
Let v € V(G) with deg(v) = A(G). Then by Remark 11, |N(v)| = A(G) < n— y*(G); ie., 
A(G) = n—y*(G)—r where 0 <r <n—7*(G). Let $S =V—N[v]. Then |S] = y&(G) +r—-1. 
If u € N(v), then (S — N(u)) U {u,v} is a dominating set of G and y*(G) < |S — N(u)| +2. 
Thus y*(G) < y£(G) +r-—1-—|SN N(u)| +2 and so |SNN(u)| < r+1 for all u € N(v). Hence 
the number of edges between N(v) and S, say 1, is at most A(G)(r + 1). 

Further, if D is a yk-set of (9), then DU{v} is a k-equivalence dominating set of G. Hence 
yk (G) < |DU {v}|, implying that y*((S)) > y*(G) — 1 > 2. Let fy be the size of (S'). By the 
inductive hypothesis, 


ta s | 5ils| — 28S) MS| = 28S) +2) 


<|508@) +9 1—48(G) 4 ORG) tr -1 (G) +1+2)| 


2 


1 
= grr +2). 
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Let 3 = |E(N[v]) |. Note that for each u in N(v) there are at most r+ 1 vertices in S$ 
which are adjacent to u. Therefore, 


|E| =f, + 24+ bs 


<A(G)-(r $1) + Sr (r +2) + AG) + SA(G)(A(G) —r- 2) 
= F(n— (Gn —18(G) +2) - FA(G\(n — 18(@) - A) 
< F(n—k(@))(n 18) +2). 


Concluding Remarks 


We have proved that the decision problem corresponding to the parameters ye and [. are NP- 
complete in [3]. Therefore the computations of y¥ and I are also NP-complete. The problem 
of designing efficient algorithms for computing the parameters in connection with a notion of 
k-equivalence for special classes of graphs is an interesting direction for further research. In 
particular one can attempt the design of such algorithms for families of graphs with bounded 
tree-width. 
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Abstract: Let G = (V,E) be a graph with p vertices and q edges and let f : V(G) > 
{0,1,2,...,¢g—1,q+1} be an injection. The graph G is said to have a near mean labeling 
if for each edge, there exist an induced injective map f* : E(G) — {1,2,...,q} defined by 


f(u) + f(r) 


i if f(u) + f(v) is even, 
Fw) = py $F) +4 
2 


if f(u) + f(v) is odd. 


We extend this notion to Smarandachely near m-mean labeling (as in [9]) if for each edge 


e = uv and an integer m > 2, the induced Smarandachely m-labeling f* is defined by 


+7) — | f+ Ff) 
po) = | ETO) 
A graph that admits a Smarandachely near mean m-labeling is called Smarandachely near 
m-mean graph. The graph that admits a near mean labeling is called a near mean graph 
(NMG). In this paper, we proved that the graphs Pn,Cn, K2,n are near mean graphs and 
Kn(n > 4) and Ki,n(n > 4) are not near mean graphs. 


Key Words: Labeling, near mean labeling, near mean graph, Smarandachely near m- 


labeling, Smarandachely near m-mean graph. 


AMS(2010): 05C78 


§1. Introduction 


By a graph, we mean a finite simple and undirected graph. The vertex set and edge set of a 
graph G denoted are by V(G) and E(G) respectively. Let f : V(G) > {0,1,2,...,¢—1,¢+1} 
be an injection. The graph G is said to have a near mean labeling if for each edge, there exist 
an induced injective map f* : E(G) — {1,2,...,q} defined by 


f* (uv) = fw ie) if f(u) + f(v) is even, 
Huy First if f(u) + f(v) is odd. 


We extend this notion to Smarandachely near m-mean labeling (as in [9]) if for each edge e = uv 
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and an integer m > 2, the induced Smarandachely m-labeling f* is defined by 


pe = LOA), 


m 
A graph that admits a Smarandachely near mean m-labeling is called Smarandachely near m- 
mean graph. A path P, is a graph of length n —1-K, and C, are complete graph and cycle 


with n vertices respectively. Terms and notations not used here are as in [2]. 


§2. Preliminaries 


The mean labeling was introduced in [3]. Let G be a (p,q) graph. In [4], we proved that 
the graphs Book B,, Ladder L,,, Grid P, x Py, Prism Py, x C3 and L, © Ky, are near mean 
graphs. In [5], we proved that Join of graphs, Ky + mki, K} + 2K2, Sm + KiP, + 2K, and 
double fan are near mean graphs. In [6], we proved Family of trees, Bi-star, Sub-division Bi-star 
Pm © 261, Pm © 3K, Pn © Ki,4 and P, © Ky,3 are near mean graphs. In [7], special class 
of graphs triangular snake, quadrilateral snake, C7, Sin,3, Sm,4, and parachutes are proved as 
near mean graphs. In [8], we proved the graphs armed and double armed crown of C3 and C4 
are near mean graphs. In this paper we proved that the graphs P,,C,, Kon are near mean 
graphs and K,,(n > 4) and K1,,(n > 4) are not near mean graphs. 


§3 Near Mean Graphs 


Theorem 3.1 The path P, is a near mean graph. 


Proof Let P, be a path of n vertices with V(P,) = {u1,U2,...,Un} and E(P,) = 
{(ujui4i)/t = 1,2,...,n—1}. Define f : V(P,) — {0,1,2,...,r-1,n +1} by 


flu) =t-1l<i<n 
f(un) =n4+1. 


Clearly, f is injective. It can be verified that the induced edge labeling given by f*(ujui4i1) = 


i(1 <i<n) are distinct. Hence, P, is a near mean graph. 


Example 3.2 A near mean labeling of Py is shown in Figure 1. 


U1 1 U2 2 u3 3 Ua 

P. ° . . 

me +80 1 2 4 
Figure 1: P, 


Theorem 3.3 Ky, (n > 4) is not a near mean graph. 


Proof Let f : V(G) > {0,1,2,...,¢g—1,q+1}. To get the edge label 1 we must have either 
0 and 1 as vertex labels or 0 and 2 as vertex labels. 
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In either case 0 must be label of some vertex. In the same way to get edge label g, we 
must have either qg— 1 and q+ 1 as vertex labels or g — 2 and q+ 1 as vertex labels. Let u be 


a vertex whose veretx label 0. 


Case i___To get the edge label g. Assign vertex labels q — 1 and q+ 1 to the vertices w and x 
and respectively. 


Subcase a. Let v be a vertex whose vertex label be 2, then the edges vw and ux get the same 
label. 


Subcase b. Let v be a vertex whose vertex label be 1. 
Then the edges vw and ux get the same label when q is odd. Similarly, when q is even, 
the edges uw and vw get the same label as well the edges ux and vx get the same label. 


Case ii. To get the edge label qg assign the vertex label g— 2 and q+1 to the vertices w and 
x respectively. 


Subcase a. Let v be the vertex whose vertex label be 1. 

As n > 4, to get edge label 2, there should be a vertex whose vertex label is either 3 or 4. 
Let it be z (say). When vertex label of z is 3, the edges ua and wz have the same label also 
the edges uz and vz get the same edge label. When the vertex label of z is 4, the edges vx and 


wz have the same label. 


Subcase b. Let v be a vertex whose vertex label 2. 

As n > 4, to get edge label 2, there should be a vertex, say z whose vertex label is either 3 
or 4. When vertex label of z is 3, the edges ua and wz get the same label. Suppose the vertex 
label of z is 4. 

If g is even then the edges ua and wz have the same label. If g is odd then the edges vw 


and ua have the same label. Hence K,,(n > 5) is not a near mean graph. 


Remark 3.4 Kz, K3 and K4 are near mean graphs. 


4 
us 
4 
UZ 2 3 
2. 3 
ede uy a 
&—____—_-® U2 
0 2 0 al 2 0 1 2 
Ko K3 Ks 


Figure 2: Ko, K3, K4 


Theorem 3.5 A cycle Cy, is a near mean graph for any integer n > 1. 
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Proof Let V(Cr) = (ui, U2, U3,---,Un, ui} and E(C,) = {[(uwuina) > 1 <i<n-VYvu 
(witn)}. 
Case i Let n be even, say n = 2m. 
Define f : V(C,) — {0,1,2,...,2m, 2m + 2} by 
fui) =i-1l<i<m. 
f(tum4j) =mM+j,1<i<m. 
f(un) = 2m +1. 
Clearly f is injective. The set of edge labels of C,, is {1,2,...,q}. 
Case ii. Let n be odd, say n = 2m-+ 1. 
Define f : V(C,) — {0,1,2,...,2m—1,2m+4 1} by 
fui) =i-1l<i<m 
f(Um4j) =M+j,1<j<m. 
f(Wam41) = 2m + 2. 


Clearly f is injective. The set of edge labels of C,, is {1,2,...,q}. 


Example 3.6 A near mean labeling of Cg and C7 is shown in Figure 3. 


C7-odd 


Figure 3: Cg, C7 


Theorem 3.7 K1,,(n > 4) is not a near mean graph. 


Proof Let V(Kin) = {u,u,:1<i< n} and E(k») = {(uvi):1<1< n}. To get the 
edge label 1, either 0 and 1 (or) 0 and 2 are assigned to u and v; for some i. In either case 0 
must be label of some vertex. 

Suppose if f(w) = 0, then we can not find an edge label g. Suppose if f(v1) = 0, then either 
f(u) =1 or f(u) =2. 

Case i. Let f(u) =1. 

To get edge label g, we need the following possibilities either q— 1 and q+ 1 or q—2 and 
q+1. If f(u) =1, it is possible only when q is either 2 or 3. But q > 4, so it is not possible to 
get edge value q. 
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Case ii. Let f(u) = 2. 
As in Case i, if f(w) = 2 and if one of the edge value is qg, then the value of q is either 3 or 
4. From both the cases it is not possible to get the edge value g, when q > 4. 


Hence, Ky,,(n > 5) is not a near mean graph. 


Remark 3.8 Ky,,n < 4 is a near mean graph. For example, one such a near mean labeling 


is shown in Figure 4. 


0 
U 
1 2 
U 1 V1 
o—_____-e V1 v2 
0 2 1 3 
Kia Ki,2 


Figure 4: Kin,n <4 


Theorem 3.9 Ko, admits near mean graph. 
Proof Let (V;, V2) be the bipartition of V(K2,,) with Vi = {urug} and Vo = {v1, v2,..-, Un}. 


E( Kon) = {(uiu;), (u2vi) : 1 <i <n}. 
Define an injective map f : V(K2,) > {0,1,2,...,2n —1,2n + 1} by 


ftw) =1 
f (ug) =2n+1 
f(y) =2G-1),1l<i<n. 


Then, it can be verified f*(u1uj) =i,1<i<n, f*(uavi) =n+i,1 <i <n and the edge values 


are distinct. Hence, K2,, is a near mean graph. 
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Example 3.10 A near mean labeling of K2,4 is shown in Figure 5. 


9 
~ Ua 
4 5 
1 a 8 
U1 v2 U3 V4 
0 4 


Figure 5: Ko 4 
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Abstract: Let G be a graph and FE; C E(G). A Smarandachely F\-lict graph n™1(G) 
of a graph G is the graph whose point set is the union of the set of lines in E, and the 
set of cutpoints of G in which two points are adjacent if and only if the corresponding 
lines of G are adjacent or the corresponding members of G are incident.Here the lines and 
cutpoints of G are member of G. Particularly, if FE; = E(G), a Smarandachely E(G)-lict 
graph n¥(@)(G) is abbreviated to lict graph of G and denoted by n(G). In this paper, the 
concept of pathos lict sub-division graph P,[S(T)] is introduced. Its study is concentrated 
only on trees. We present a characterization of those graphs, whose lict sub-division graph is 
planar, outerplanar, maximal outerplanar and minimally nonouterplanar. Further, we also 


establish the characterization for P,[S(I’)] to be eulerian and hamiltonian. 


Key Words: pathos, path number, Smarandachely lict graph, lict graph, pathos lict sub- 


division graphs, Smarandache path k-cover, pathos point. 
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§1. Introduction 


The concept of pathos of a graph G was introduced by Harary [1] as a collection of minimum 
number of line disjoint open paths whose union is G. The path number of a graph G is the 
number of paths in a pathos. Stanton [7] and Harary [3] have calculated the path number 
for certain classes of graphs like trees and complete graphs. The subdivision of a graph G is 
obtained by inserting a point of degree 2 in each line of G and is denoted by $(G). The path 
number of a subdivision of a tree S(T’) is equal to K, where 2K is the number of odd degree 
point of S(T). Also, the end points of each path of any pathos of S(T) are odd points. The 
lict graph n(G) of a graph G is the graph whose point set is the union of the set of lines and 
the set of cutpoints of G in which two points are adjacent if and only if the corresponding lines 
of G are adjacent or the corresponding members of G are incident.Here the lines and cutpoints 
of G are member of G. 

For any integer k > 1, a Smarandache path k-cover of a graph G is a collection 7 of paths 
in G such that each edge of G is in at least one path of w and two paths of w have at most 
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k vertices in common. Thus if k = 1 and every edge of G is in exactly one path in 7, then a 
Smarandache path k-cover of G is a simple path cover of G. See [8]. 

By a graph we mean a finite, undirected graph without loops or multiple lines. We refer 
to the terminology of [1]. The pathos lict subdivision of a tree T is denoted as P,[S(T)] and 
is defined as the graph, whose point set is the union of set of lines, set of paths of pathos and 
set of cutpoints of S(T’) in which two points are adjacent if and only if the corresponding lines 
of S(T’) are adjacent and the line lies on the corresponding path P; of pathos and the lines 
are incident to the cutpoints. Since the system of path of pathos for a S(T) is not unique, 
the corresponding pathos lict subdivision graph is also not unique. The pathos lict subdivision 
graph is defined for a tree having at least one cutpoint. 

In Figure 1, a tree T and its subdivision graph S(T), and their pathos lict subdivision 
graphs P,[S(T)] are shown. 


P 
P» 
Py 
Py 
P, 
P» 
ip S(T) P,,[S(P)] 


Figure 1 


The line degree of a line wv in S(T) is the sum of the degrees of u and v. The pathos length 
is the number of lines which lies on a particular path P; of pathos of S(T). A pendant pathos is 
a path P; of pathos having unit length which corresponds to a pendant line in $(T). A pathos 
point is a point in P,,[S(T)] corresponding to a path of pathos of $(T). If G is planar graph,the 
innerpoint number i(G) of a graph G is the minimum number of vertices not belonging to the 
boundary of the exterior region in any embedding of the plane. A graph is said to be minimally 


nonouterplanar if i(G) = 1 was given by [4]. 
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We need the following for immediate use. 


Remark 1.1 For any tree T, n[S(T)] is a subgraph of P,[S(T)]. 
Remark 1.2 For any tree T, T C S(T). 


Remark 1.3 [f the line degree of a nonpendant line in S(T) is odd(even), the correspondig 
point in P,[S(T)] ts of even(odd) degree. 


Remark 1.4 The pendant line in S(T) is always odd degree and the corresponding point in 
P,[S(L)] is of odd degree. 


Remark 1.5 For any tree T with C cutpoints, the number of cutpoints in n[S(T)] ts equal to 


sum of the lines incident to C in T. 


Remark 1.6 For any tree T, the number of blocks in n[S(T)]| is equal to the sum of the cutpoints 
and lines of T. 


Remark 1.7 n[S(T)] is connected if and only if T is connected. 


Theorem 1.1([5]) If G is a non trivial connected (p,q) graph whose points have degree d; and 

l; be the number of lines to which cutpoint C; belongs in G, then lict graph n(G) has q+ >> C; 
F d? ; 

points and —q+>o[4 +k] lines. 


Theorem 1.2((5]) The lict graph n(G) of a graph G is planar if and only if G is planar and 


the degree of each point is atmost 3. 


Theorem 1.3((2]) Every maximal outerplanar graph G with p points has 2p — 3 lines. 


Theorem 1.4([6]) A graph is a nonempty path if and only if it is a connected graph with p > 2 
points and Sd? —4p+6=0. 


a 


Theorem 1.5((2]) A graph G is eulerian if and only if every point of G is of even degree. 


§2. Pathos Lict Subdivision Graph 


In the following Theorem we obtain the number of points and lines of P,[S(T)]. 


Theorem 2.1 For any (p,q) graph T, whose points have degree d; and cutpoints C have degree 
C;, then the pathos lict sub-division graph P,,|S(T)] has (3g+C+P;) points and $ > d? +4q+ 
>> C; lines. 


Proof By Theorem 1.1, n(T) has ¢+ >>c points by subdivision of T n(.S(T))contains 
2¢+q+ >5c points and by Remark 1.1, P,S(T) will contain 3g + 5+ c+ P; points, where P, is 
the path number. By the definition of n(T), it follows that L(T) is a subgraph of n(T). Also, 
subgraphs of L(T) are line-disjoint subgraphs of n[S(T)] whose union is L(T’) and the cutpoints 
c of T having degree C; are also the members of n[s(T)|. Hence this implies that n[s(Z’)] 
contains —q + 43d? + °c; lines. Apart from these lines every subdivision of T’ generates 
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a line and a cutpoint c of degree 2. This creates q + 2q lines in n[s(T)]. Thus n[S(T)] has 
40d? + Yo cj + 2q lines. Further, the pathos contribute 2q lines to P, S(T’). Hence P,[S(T) 
contains 4 > d? + Sc; + 4qlines. 


Corollary 2.1 For any (p,q) graph T, the number of regions in P,[S(T)] is 2(p + q) — 38. 


§3. Planar Pathos Lict Sub-division Graph 


In this section we obtain the condition for planarity of pathos. 


Theorem 3.1 P,[5S(T)] of a tree T is planar if and only if A(T) < 3. 


Proof Suppose P,,[.S(T)] is planar. Assume A(T) < 4. Let v be a point of degree 4 in T. 
By Remark 1.1, n(S(T)) is a subgraph of P,,[S(T)] and by Theorem 1.2, P,,[S(Z)] is non-planar. 
Clearly, P,,[S(T)] is non-planar, a contradiction. 


Conversely, suppose A(T) < 3. By Theorem 1.2, n[.S(T)] is planar. Further each block of 
n{S(T)] is either Ks or K4. The pathos point is adjacent to atmost two vertices of each block 
of n[S(T)]. This gives a planar P,[S(T)]. 


We next give a characterization of trees whose pathos lict subdivision of trees are outer- 
planar and maximal outerplanar. 


Theorem 3.2 The pathos lict sub-division graph P,[S(L)| of a tree T is outerplanar if and 
only if A(T) < 2. 


Proof Suppose P,,[S(T)] is outerplanar. Assume T has a point v of degree 3. The lines 
incident to v and the cut-point v form (K4) as a subgraph in n[$(T)]. Hence P,,[S(T)] is 
non-outerplanar, a contradiction. 


Conversely, suppose T is a path P,, of length m > 1, by definition each block of n[S(T)] is 
Kz and n[S(T)] has 2m — 1 blocks. Also, S(T) has exactly one path of pathos and the pathos 
point is adjacent to atmost two points of each block of n[S(T)]. The pathos point together 
with each block form 2m — 1 number of (K4— 2) subgraphs in P,,[S(T)]. Hence P,,[S(T)] is 
outerplanar. 


Theorem 3.3 The pathos lict sub-division graph P,[S(T)| of a tree T is maximal outerplanar 
if and only if. 


Proof Suppose P,,[S(T)] is maximal outerplanar. Then P,,[S(T)] is connected. Hence by 
Remark 1.7, T is connected. Suppose P,,[S(T)] is K4 — x, then clearly, T is Ka. Let T be any 
connected tree with p > 2 points, q lines and having path number & and C' cut-points. Then 
clearly, P,[S(T’)] has 3g+k+C points and $ > d?+4q+ >> CG; lines. Since P,,[S(T)] is maximal 
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outerplanar, by Theorem 1.3, it has [2(3q¢ + k + C) — 3] lines. Hence 


sett DG = [2(8q¢+k+C)-3] 
= [23(p—1)+k+C)-3] 
= 6p-—6+2k+2C0-3 
= 6p+2k+2C-9. 


But for k = 1, 
Sod? +8q+25 °C; =12p +40 - 18 +4, 


S 7d? +25 °C; = 4p+4C -6, 
Sod; +25°C; —4p—4C0 +6 =0. 


Since every cut-point is of degree two in a path, we have, 


$C). 20. 
Therefore 
S/d} +6 — 4p =4C — 202C = 0. 


Hence 3+ d? + 6 — 4p = 0. By Theorem 1.4, it follows that T is a non-empty path. 

Conversely, Suppose T is a non-empty path. We now prove that P,,[S(T)] is maximal outer- 
planar by induction on the number of points (> 2). Suppose T' is Kp. Then P,,[S(T)] = K4— <2. 
Hence it is maximal outerplanar. As the inductive hypothesis, let the pathos lict subdivision 
of a non-empty path P with n points be maximal outerplanar. We now show that P,[S(T)] 
of a path P with n+ 1 points is maximal outerplanar. First we prove that it is outerpla- 
nar. Let the point and line sequence of the path P’ be v1, e1, v2, €2, U3, €3;+-+,Un, En; Un41- 
P’, S(P’) and P,[S(P’)] are shown in Figure 2. Without loss of generality, P’ — unii = P. 
By inductive hypothesis P,,[S(P)] is maximal outerplanar. Now the point v,+1 is one point 
more in P,,[S(P’)] than in P,[S(P)]. Also there are only eight lines (e},_1,e€n), (€,1,€n-1); 
(€n—1;€n); (en, R), (en, €),), (en, C,), (Ci, ef,), (e},, R) more in P,,[S(P’)]. Clearly, the induced 
subgraph on the points e/,_,, Cn-1, en, ef, C), Ris not K4. Hence P,,[S(P’)] is outerplanar. 
We now prove P,,[5(P’)] is maximal outerplanar. Since P,,[S(P)] is maximal outerplanar, it 
has 2(3g + C + 1) — 3 lines. The outerplanar graph P,,[S(P’)] has 2(3g + C + 1) — 3+ 8 lines 


= 2/3(q¢+1) + (C+) +1] —83 lines. By Theorem 1.3, P,[S(P’)] is maximal outerplanar. 


Theorem 3.4 For any tree T, P,,[S(T)| is minimally nonouterplanar if and only if A(T) < 3 
and T has a unique point of degree 3. 


Proof Suppose P,,[S(T)] is minimally non-outerplanar. Assume A(T’) > 3. By Theorem 
3.1, P,[S(T)] is nonplanar, a contradiction. Hence A(T) < 3. 

Assume A(T) < 3. By Theorem 3.2, P,[S(T)] is outerplanar, a contradiction. Thus 
A(T) = 3. 

Assume there exist two points of degree 3 in T. Then n[S(T)] has at least two blocks as 
Ky. Any pathos point of S(T’) is adjacent to atmost two points of each block in n[$(T)] which 
gives i(P,,[S(T)]) > 1, a contradiction. Hence T has exactly one point point of degree 3. 
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Conversely, suppose every point of T has degree < 3 and has a unique point of degree 3, 
then n[S(T)] has exactly one block as K4 and remaining blocks are K3’s. Each pathos point is 
adjacent to atmost two points of each block. Hence i(P,,[S(T)]) = 1. 


a e€ 
a €2 En-1 n 
P' @—__0—___@.----- ----------------- e—__e_____e 
UL V2 U3 Un—-1 Un Un+1 


Figure 2 


§4. Traversability in Pathos Lict Subdivision of a Tree 


In this section, we characterize the trees whose P,,[S(T')] is eulerian and hamiltonian. 


Theorem 4.1 For any non-trivial tree T, the pathos lict subdivision of a tree is non-eulerian. 


Proof Let T be a non-trivial tree. Remark 1.4 implies P,,[S(T)] always contains a point 
of odd degree. Hence by Theorem 1.5, the result follows. 


Theorem 4.2 The pathos lict subdivision P,[S(T)] of a tree T is hamiltonian if and only if 


every cut-point of T is even of degree. 
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Proof If T = P», then P,[S(T)] is K4— a. If T is a tree with p > 3 points. Suppose 
P,[S(T)] is hamiltonian. Assume that T has at least one cut-point v of odd degree m. Then 
G = Kj. is a subgraph of T. Clearly, n(S(Kijm)) = Km+1, together with each point of Ky, 
incident to a line of K3. In number of path of pathos of S(T’) there exist at least one path 
of pathos P; such that it begins with the cut-point v of S(T). In P,[S(L)] each pathos point 
is adjacent to exactly two points of K,,. Further the pathos beginning with the cut-point vu 
of S(T’) is adjacent to exactly one point of Ky, in n(S(T)). Hence this creates a cut-point in 
P,[S(T)], a contradiction. 

Conversely, suppose every cut-point of T’ is even. Then every path of pathos starts and 
ends at pendant points of T. 


We consider the following cases. 


Case 1 If T has only cut-points of degree two. Clearly, T is a path. Further S(T) is also a 


path with p+ q points and has exactly one path of pathos. Let T = Py, v1, v2,---+ ,u is a path. 
Now S(T):v1, vy, V2, U9,°°* ,Uj_4,¥ for all v; € ViS(P,)] such that vjv} = e;, viviga = ef are 
consecutive lines and for all e;,e; € E[S(P,)]. Further V[n(S(T))|={e1, ef, 2, €5,--+ , ei, e;} U 


{Cy, C1, CS, Co,--- , Ci} where,(C}, C1, CS, C2,--- ,C}) are cut-points of S(T). Since each block 
is a triangle in n(.S(T)) and each block consist of points as By = (e1Cie}), Bo = (e2Ches), ---, 
Bm = (e:Cie;). In P,[S(T)], the pathos point w is adjacent to e1, e4, e2,e5,:-- ,e:,e;. Hence, 
P,[S(T)]= e1, e}, €2,€5,°°+ 5 e1, FU(CT, C1, Ch, Co,--+ , C)Uw form a cycle as we, Ce} Cie2Che 
---e/w containing all the points of P,,[S(T)].Hence P,,[S(T)]| is hamiltonian. 


Case 2 If T has all cut-points of even degree and is not a path. 
we consider the following subcases of this case. 


Subcase 2.1. If T has exactly one cut-point v of even degree m, v = A(T) and is Kim. 
Clearly, S(K1m) = F, such that E(F’)={e1, e1, €2, €3,°++ ,€q, eq}. Now n(F) contains point set 
as {€1, €4, €2,€g,°** » €q, eg }U{v, Cy, Cy, C3,--- , Cy}. For S[K1m], it has } paths of pathos with 
pathos point as P;, P2,--- , Pm. By definition of P,,[S(T’)], each pathos point is adjacent to ex- 
actly two points of n($(T)). Also, V[P,,[S(T)]]={e1, e1, €2, €a)°+* , eqs eg tU{, Ci, C3, C3,--- , Co} 
U{P1, Po,-++ , Pm}. Then there exist a cycle containing all the points of P,,[$(T)] as Pi, e,, Cy, e1, 


/ / / td 7 / 
UV, €2, C4, €5, Po,-++ , Pm, e,_4,CG_4, €q—-1 €q, Cp, eg, Ft - 
2 qd q q’-4@ 


Subcase 2.2. Assume T has more than one cut-point of even degree. Then in n(S(T)) each 
block is complete and every cut-point lies on exactly two blocks of n(.$(T)). Let V[n(S(T))|={e1, 
€1  €2,€g5 °°" 5 Eg; CGF UL{C1, Ca, ++ CeJU{ Ci, Ch, Ch,*-* ,ChPULAL, Py,--+ Pj}. Buteach Pj is 
adjacent to exactly two point of the block B; except {C1,C2,--- ,Ci}U {Cj, Cb, C3,--- , Cy} and 
all these points together form a hamiltonian cycle of the type, { Pi, e{, Cj, 1, v, e2, C4, eb, Po, 
ty Peep Ch, Cnr ee ete Opa 15 payed tig Po bys eg eg Veg yea yaaa t Lys 

Hence P,,[S(T)] is hamiltonian. 


References 


[1] Harary. F, Annals of New York, Academy of Sciences,(1974)175. 


ND OK i) 


oo 


On Pathos Lict Subdivision of a Tree 107 


2] Harary. F, Graph Theory, Addison-Wesley, Reading, Mass,1969. 


Harary F and Schwenik A.J, Graph Theory and Computing, Ed. Read R.C, Academic press, 
New York,(1972). 

Kulli V.R, Proceedings of the Indian National Science Academy, 61(A),(1975), 275. 

Kulli V.R and Muddebihal M.H, J. of Analysis and computation,Vol 2, No.1(2006), 33. 
Kulli V.R, The Maths Education, (1975),9. 

Stanton R.G, Cowan D.D and James L.O, Proceedings of the louisiana conference on com- 
binatorics, Graph Theory and Computation (1970), 112. 

S. Arumugam and I. Sahul Hamid, International J.Math.Combin. Vol.3,(2008), 94-104. 


If winter comes, can spring be far behind? 


By P.B.Shelley, a British poet. 
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